KNOT HOMOLOGY VIA DERIVED CATEGORIES OF COHERENT SHEAVES II, 

sl{m) CASE 
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Abstract. Using derived categories of equivariant coherent sheaves we construct a knot homology 
theory which categorifies the quantum sl(m) knot polynomial. Our knot homology naturally satisfies 
the categorified MOY relations and is conjecturally isomorphic to Khovanov-Rozansky homology. Our 
construction is motivated by the geometric Satake correspondence and is related to Manolescu's by 
homological mirror symmetry. 
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1. Introduction 

The main purpose of this paper is to use algebraic geometry to categorify the quantum knot and 
tangles associated to Uq{slm) and its standard representation, generalizing the results of [CK| . Before 
giving more details of what is done in this paper, we would like to explain the motivation for this work 
in terms of Khovanov's categorification program and the geometric Satake correspondence. 

1.1. Categorification. Let g denote a complex semisimple Lie algebra. There is a diagrammatic 
calculus involving tangles and representations of the quantum group Uq{g). Consider a tangle T where 
all the strands are labelled by dominant weights of g. Let A = (Ai, . . . , A„) be the labels on the strands 
at the top and fi — (/Zi , . . . , ) be the labels on the strands at the bottom. Let Vx denote the 
irreducible Uq{g) representation with highest weight A. 

Following Reshetikhin-Turaev |RTj . one can associate to this tangle a map of Uq{g) representations 

^(T) : Fa ® • ■ • ® Fa„ -> := 1/^, ® • • • ® F^^, . 

This is done by analyzing a tangle projection from top to bottom and considering each cap, cup, and 
crossing in turn and assigning natural maps to these elementary tangles. For example to each right 
handed crossing we associate the braiding Va ® Vfj, (^V\, which is defined using the i?-matrix 

of Uq{g). Reshetikhin-Turaev [RTj showed that ip{T) does not depend on the planar projection of the 
tangle. Thus we have a map 



V' : |(A,m) tangles | Honic/^((,) (Fa, 



li T = K is link, then ip{K) is a map C[(7,(7^^] C[(7, g^^] and ■iIj{K){1) is a polynomial. When 
Q = slm and all Ai are the fundamental weight, this polynomial is a one variable specialization of the 
two variable HOMFLY polynomial. 

Khovanov has proposed the idea of categorifying this calculus. A weak categorification is a choice 
of graded triangulated category Da_ for each collection A = (Ai, . . . , A„) and a map 



^ • "i (Ai m) tangles > — > S isomorphism classes of exact functors Dx D 



such that we recover the original calculus on the Grothendieck group, i.e. we have K{Dx) ^ Va_ as 
C[q,q~^] modules and ['I'(T)] ~ '>P{T). We will also insist that Di^ be the derived category of graded 
vector spaces. 

One source of interest in categorification is bigraded knot homology theories. Suppose that K is a 
link whose components are labelled by dominant weights. Then "^{K) is a functor from the derived 
category of graded vector spaces to itself. The cohomology of the complex of graded vector spaces 
^{K)(C) is a link invariant, whose graded Euler characteristic is the Reshetikhin-Turaev invariant 

Question 1. Does a categorification exist for all g and all Xi ? Is there a natural way to construct such 
categorifications ? 

The pioneering work in this area was done by Khovanov [Khlj . |Kh2j in the case where g = 5(2 and 
all Ai the fundamental weight. The knot homology produced is the celebrated Khovanov homology. 

The case g = slm and all Ai minuscule, has been studied by Khovanov-Rozansky and Sussan. 
Khovanov- Rozansky }KRj do not explicitly define categories Dx categorifying Vx- But using matrix 
factorizations they define functors '^{T) for tangles and produce a knot homology theory -ff^R' when 
all the strands are labelled by uji^ujm-i- 

On the other hand, Sussan jSul has constructed categories Dx, using certain blocks of parabolic 
categories O for various Lie algebras sIat- He has also constructed functors \E'(T) for tangles T where 
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all strands are labelled by uji,ujm-i- It is not known (but widely believed) that the knot homology 
constructed by Sussan agrees with that of Khovanov-Rozansky. 

1.2. Categorification using geometric Satake correspondence. We return now to general g, but 
we continue to assume that all Ai are minuscule. In this setting we will now present a proposal for 
answering Question [1] which is based on the geometric Satake correspondence. 

Consider the semisimple group which is the Langlands dual to G, the simply-connected group 
integrating g (note that G^ has trivial centre). Let Gr :— G^(C((z)))/G^(C[[z]]) denote the afflne 
Grassmannian for G^, an ind-scheme over C. 

The afhne Grassmannian is stratified by the G^(C[[z]]) orbits Gr\ which are labelled by A G A+, the 
set of dominant weights of g. Similarly, the orbits of G^(C((z))) acting on Gr x Gr are also labelled 

by A_|_ and we write Li L2 if (ii, L2) is in the orbit labelled by A. Let io denote the identity coset 
in Gr. 

Given dominant weights (Ai, . . . , A„), we can form the convolution product 

GrA := GrAi x . . . xGrA„ = {(Li, . . . , L„) G Gr" : Lq ^ Li ^ ■ ■ L„_i ^ L„} 

We have an obvious map ra : Gr\ Gr taking (Li, . . . , L„) to L„. 

We are now in a position to give the statement of the geometric Satake correspondence of Lusztig 
|Lu| . Ginzburg fG], and Mirkovic-Vilonen [MVi| . 

Theorem 1.1. There is an equivalence between the category of perverse sheaves on Gr (constructihle 
with respect to the above stratification) and the category of representations of g. This equivalence 
commutes with the functors to vector spaces on each side (hypercohomology and the forgetful functor, 
respectively). 

Under this equivalence, the IC sheaf of Gr\ corresponds to the irreducible representation V\. More 
generally, the push forward under m of the IC sheaf of Grx corresponds to the tensor product Vx — 
Vx,(E)---(g)Vx^, so that IH(OPx) ^ Vx. 

Grx is smooth if and only if A^ is minuscule for each i. In this case we also have GrA_ = GrA_. Thus, 
when all Ai are minuscule, we have a smooth projective variety, Grx whose cohomology is canonically 
isomorphic to Vx. This variety can also be seen to carry a natural action and hence we propose 

the choice Z?a — -D(Coh (GrA)), the derived category of C ^ -equivariant coherent sheaves on GrA for 
categorification (the action is used to make the category graded). 

To complete the above categorification program, it is neccesary to construct functors corresponding 
to tangles. There are natural correspondences between these GrA varieties which can be used for this 
purpose (see Remarks 12.21 12.5| ). 

1.3. The current paper: the s[,n case. In general, derived categories of coherent sheaves are difficult 
to work with, so we are not yet able to complete this categorification program for general g and 
minuscule Ai. In this paper, we will concentrate on the case g = slm and all Ai corresponding to the 
standard or dual representatations (the same as studied by Khovanov-Rozansky, Sussan). In this case, 
each GrA; is a P™-i and so the variety GrA is an iterated fibre bundle of P'"~^s. This makes the 
geometry much easier to work with. 

We will encode fundamental weights of slm by integers f3i € {1, . . . ,m ~ 1} and /3 will denote a 
sequence of such integers. We introduce the notation for GrA where Ai = ojp.. Section [5] discusses 
the geometry of these varieties. In particular, in section [2?6l we explain how open subvarieties of certain 
Ya are related by hyperKahler rotation to the symplectic manifolds studied by Manolescu [Ma| . 

Consider the case where each /3i G {l,m — 1}. Given a planar projection of a (/3,/3') tangle T, we 
construct a functor ^'(T) : D{Yi3) D(Yf3') by associating to each cup, cap, and crossing certain basic 
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functors 

The functors G^, are defined using a correspondence XJ^ between ydi(/3) and Ijj (see section |4. 2 .ip . 
The functors T^(Z) are defined using a correspondence between and Kj.(^). When /3i = 
T^(/) can also be described as a spherical twist in a functor (see section H.3.ip while in the case 
where (3i ^ Pi+i the correspondence is a family of Mukai flops. 

In section [5] (which is the bulk of this paper), we check certain relations among these basic functors 
corresponding to Reidemeister and isotopy moves between different projections of the same tangle. We 
obtain the following result. 

Theorem A (Theorem 14. 2p . The isomorphism class of"^[T) is an invariant of the tangle T. 

Among the relations that we check, the most basic is that is an equivalence. In the case (3i = f3i+i 
this follows from the theory of spherical twists (see section [5.3.ip . In the case (3i ^ Pi+i, we give a direct 
proof (in section I5.3.2p following ideas of Bridgeland-King-Reid [BKRj , though the result is essentially 
already known by the work of Namikawa jNa| . 



The other important relation is that and T^"^^ braid. Here our proof proceed by direct compu- 
tation following a similar argument from Khovanov-Thomas [KTj . 

In section [6l we extend our invariant ^' to trivalent tangle graphs and prove the following result by 
checking categorified versions of the Murakami-Ohtsuki-Yamada jMOYj relations. 

Theorem B (Theorem 16.21) . Let D he a crossingless closed trivalent graph. Then H^'^ {^{D)) is 
concentrated on the anti-diagonal and its graded Poincare polynomial is determined by ipiD) (the RT 
invariant of such a graph). 

When T — K is a. link let Hy^{K) := H'''^ {'^{K)) denote our knot homology theory. By considering 
the distinguished triangles associated to the crossings, we obtain that the graded Euler characteristic 
of H^^igiK) equals the Reshetikhin-Turaev invariant ip{K){l) for any link K. We also conjecture 
(Conjecture 16. 4p that our knot homology theory coincides with that of Khovanov-Rozansky (up to a 
"shear" in the indices). 

In section [7l we consider '${T) on the level of Grothendieck group. We show that the Grothendieck 
group K{Y/3) — K{D(Yp)) is isomorphic to Vp = Kj^^ (8) • • • ® Kj^^ and conjecture the following. 

Conjecture C (Conjecture 17. For each f3, there exists an isomorphism K{Yfj) Vp such that for 
each tangle T , the following diagram commutes 

K{Yp) > Vp 

(1) i>{T) 

K{Yp,) > Vp, 

We give three pieces of evidence for this conjecture. We prove that it holds when g = 1 (Theorem 



17. 7p . that it holds if T is a link, and that the eigenvalues for the crossings are correct (see Remark [7 

1.4. Acknowledgements. We would like to thank Roman Bezrukavnikov, Sasha Braverman, An- 
drei Caldararu, Timothy Logvinenko, Mikhail Khovanov, Scott Morrison, Yoshinori Namikawa, Lev 
Rozansky, Noah Snyder, and Ben Webster for useful conversations, as well as a referee for some help- 
ful suggestions. The first author would like to thank the Mittag-Leffler Institute for their hospitality 
during his visit in the spring of 2007 and the mathematics department at Rice University. The second 
author thanks the American Institute of Mathematics for support and the mathematics department of 
UC Berkeley for hospitality. 
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2. Geometric background 
We begin by describing the geometric setup upon which our work is based. 

2.1. The Varieties for slm- When we speciaHze to the case g = slm, we find that = PGLm- 
The minuscule weights of slm are the same as its fundamental weight wi, . . . , Wm-i- The corresponding 
variety Gr^^^ is isomorphic to the ordinary Grassmannian Gr{k,m) of fc-dimensional subspaces of C™. 

We will consider (3 = . . . ,/?„) where each /3j is one of the fundamental weights. Since the 
fundamental weights are labelled by 1, . . . , to — 1, we may consider each e {l,...,m — 1} and thus 
/3 is a sequence of length n with entries drawn from 1, . . . , m — 1. The corresponding string of weights 
is A with A, = (jjfj^ . 

The variety Yg = Gr\ may bo described in more elementary terms. Fix a vector space C™ and 
consider the vector space C" (g) (C((2))/C[[2;]]) = C™ ® 2~-^C[2~-^]. This is an infinite dimensional 
vector space, but we will only consider finite dimensional subspaces. Note that we have a locally 
nilpotent operator z : C™ (g) z~^C[^;~-^] — > C™ (g) 2:~^C[^;~-^]. For practical purposes, we can take the 
following as the definition of Yp: 

Yp := {(Li, . . . , L„) : Li C C™ ® z-^C[z-% = Lq C Li C ^2 C • • • C L„, 

dim(Lj/Lj_i) = /J^, and zLi C Lj-i}. 

where (3 . . . ,/3„) with /3i e {1, . . . , m - 1}. 

Proposition 2.1. When (3 and A correspond as above, we have Yp ^ Gr\. 

Proof. The affinc Grassmarmian for PGLm is the ind-schcme of C[[z]] lattices L in C'"®C((z)) modulo 
the equivalence relation L zL. With this dccription, two points in Gr are in relative position LUk 
if and only if there exist lattice representatives Li,L2 for them such that Li C L2, ZL2 C Li and 
dim(L2/ii) = k. Applying this repeatedly gives the isomorphism. □ 

Note that Yp is a smooth projective variety of dimension \(3\ := Xlj This follows from the 

general theory outlined above, but it can also be seen explicitly as follows. There is a natural map from 
^(/3i,...,/9„) to Yj-^j ^^^_^') with fibres G'r(/3„,m). To see this, suppose that we have (Li, . . . , L„_i) S 
^(/3i,...,/3„_i) and are considering possible choices of L„. It is easy to see that we must have L„_i C 
Ln C z~^{Ln-i). Since z~^(L„_i)/L„_i is always m dimensional, this fibre is a Gr{l3n,m) and the 
map is a Gr{/3n, m) bundle. 

There is an action of on z~^€-[z~^] given hy t ■ z^ = t^'^z^ . This induces an action of on 
C™ (g) z-'^C[z-'^]. Notice that for any w e C™ (g) z-'^<C[z-'^] we have 

t ■ {zv) = t^z{t ■ v). 

Thus, as vector spaces, t ■ (zLi) = z{t ■ Li) so if zLi C Li-i then t ■ zLi C t ■ Li-i which means 
z{t ■ Li) C t ■ Li-i. Consequently, the action on C" ® z~^<C[z~'^] induces a action on Yp by 

t ■ {Li, . . . , Ln) = {t ■ Li, . . . ,t ■ Ln). 

Viewed from the perspective of the affine Grassmannian, this action is the "rotating the loops" 
action on the variable z. In particular, it does not come from any action of on G^. In this paper, 
all maps between varieties will be C^-equivariant with respect to this (or some other) action. 

2.2. Notational Conventions. There are two natural ways to modify a sequence /3 at an index i. 
We introduce the following notation. 

Si{0) ■■= {Pl,...,0i-l,Pi+l,0i,0i+2,---,l3n) 
diiP) := (/?!,..., A-l, A +A+l,A+2,...,/?n) 
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These letters stand for "switch" and "drop" respectively. Soon we will see how they arise geometrically. 
Denote &^ :— while (3^:— m- (3i and Vp :— J2]=i Pj- 

We will also need the following notational convenience. Up to now, we have allowed jumps between 
the Li of dimension 1, . . . , to — 1. So we had ft G {1,...,to — 1}. Now, it will be more convenient 
to have ft G Z/to where we identify an element of Z/m with its unique representative in the range 
{0, . . . , m — 1}. Note that this allows the possibility of ft = 0. This poses no problem — we just note 
that if ft = 0, there is a natural isomorphism between Yg and ^^.(/j). Whenever an operation yields 
some ft = we automatically drop it so that we always have fts{l,...,TO — 1}. 

Another useful notation is the following. Often in this paper we will deal with a product of these 
spaces, such as Fa x Yf, x Y^. In such cases, we use the notation £ for ■Kl{£)^ £' for 7r2(f) and £" for 
TT^f ). This way, the fibre of the bundle L\ at a point [L.,L'., L") G Fa x Yb x Fc is the vector space L'^. 

2.3. The subvarieties X^. For each 1 < i < n — 1, define the following C ^ -equivariant subvariety of 



{(ii, . . . , L„) e Yp : zLi+i C ij-i} if ft + ft+i < m 
^{(ii, . . . , L„) e YfB : Li^i C zLi+i and ker(z) C ij+i} if ft + ft+i > m 

We have a -equivariant map q : Xy ^di(/3) defined by 

(ii, . . . , Li+i, . . . , L„) if ft_i -I- ft < TO 
(ii, . . . , zLi+i, . . . , zL„) if ft_i -f ft > TO 



(Li, . . . , L„) 



It is elementary to check that if ft -t- ft+i < to then is a subvariety of codimension ftft+i and the 
map g : ^ ^di(/3) is a Gr(ft,ft -I- ft+i) bundle while if ft -|- ft+i > to then is a subvariety of 
codimension PiP^j^i and the map q : X^ ^di(/3) is a Gr{(3i,l3i + ft+i) bundle. 

There are two special cases of particular relevance. First, if we have ft -I- ft+i = to, then c?i(/3) = 
(ft, . . . , ft-i, ft+2, • ■ • J /3m) because of our convention about dropping "0" . So we have a diagram 

XI Yn 



J^(/3i,...,ft_i,ft + 2,...,/3™) 

where i is the inclusion of a codimension j3il3i+i subvariety and g is a Gr{/3i,m) bundle. 

The other special case is when ft = ft+i = 1 or when ft = ft+i = to — 1. In this case, Xp is a 
divisor in Yg and the map Xp ^di(,9) is a bundle. 

Remark 2.2. Let us examine this construction from the point of view of the affine Grassmannian. 
For simplicity, assume that n = 2. We will use A, fi for /3i, ft and we will give an analysis which holds 
for any under the assumption that A and fi are minuscule. 

Recall the map toa^ : GrxxGrfj, —> Gr which is given by (Li,L2) ^ L2. The image of this map 
is contained in Grx+^. For any v such that X + fi ~ i> is a sum of positive roots, Gri, C Grx+f_i and 
we may consider the preimage X^^ := m^^{Gr^). For general (i.e. not necessarily minuscule) A, /i, 
the geometric Satake correspondence tells us that the number of components of X^^ of dimension 
{X + fi + v, p) equals the multiplicity of V^, in V\ ® V^ . In our minuscule setting, the tensor product 
multiplicities are always one and hence there is one component of the expected dimension. The following 
recent result of Haines [IIa2| shows that this is the only component. 

Proposition 2.3. If X and fi are minuscule then X^^ is an irreducible variety of dimension {X+p+iy, p) . 
Moreover the map X^ Gr^ is a fibration. 
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In particular, suppose that (3 = (fc, I). Under the identification Yp = Grujf. xGr^^ , then the subvariety 
is identified with X^^^^ where v = lOk+i \i k + I ^ m and v = \i k + I = m. 

2.4. Vector bundles. For 1 < fc < n we have a C^-equivariant vector bundle on Yjj whose fibre 
over the point (Li,...,L„) e Y"^ is Lk/Lg. Abusing notation a little, we will denote this vector 
bundle by L^- Since L^-i C Lfe we can consider quotient Lk/Lk~i as well as the determinant of the 
quotient £k = det{Lk/ L^-i) which is a C^-equi variant line bundle on Yj^. It will be convenient to also 
consider z^^Lk-i/Lk and L^-i/zLk and the associated determinant £k := det(z^^Lfe_i/Lfc){— = 
det(Lfe_i/zLfc){/3j,} (the isomorphism follows from lemma [2^ below) . 

Similarly, we get equivariant vector bundles Lk on as well as the corresponding line bundles £k 
and £k for any 1 < k < n. Since Lk on Yp restricted to XJ^ is isomorphic to Lk on we can omit 
subscripts and superscripts telling us where each Lk,£k and £k lives. The map z : Li ii-i has 
weight 2 since 

{t ■ z){v) = t ■ • v)) = t^z{t ■ ■ v) = t'^zv. 

If is a C ^ -equivariant sheaf on Yn then we denote by T{k} the same sheaf but shifted with respect 
to the action so that if / G ^{U) is a local section of T then viewed as a section /' S jF{fc}(C/) we 
have t ■ f — t^^{t ■ /). Using this notation we obtain the -equivariant map z : Li+i — > Li{2}. 

Lemma 2.4. On Yp we have 

(i) dei{z~^L,/L,) ^ Oy^{2&^ -f 2m} 

(ii) det(z-iL,_i/iO ^ £^{2b'i^^ + 2m} and det(i,_i/zi,) ^ f/{2&^} 
where &^ = 

Proof, (i). From the exact sequence z~^Lq/Lq z~^Li/LQ Li/LQ{2} ^ we have 

det{z-^L^/L,) ~ det(z"iLj/Lo) «)det(i,/Lo)^ 

^ det(.2-iLo/Lo) ® OY,{2b},} - Oy^{26^ + 2m} 

where, to get the last equality, we use that z^^Lo/Lq = 0®™{2}. 

(ii). Similarly, using the exact sequence — > Li^i/Li z^^L^/L^ z^^Li/ Li^i we have 

dei(z-^L^|L^+l) ^ det(z-^Lj/L,) ® det(i^+i/iO'' = + 2m}. 

Also, from z^^Li/Li+i ^ Li/ zLi+i{2} we get 

det(L,/zL,+i) = f,>;i{2&^ 2m} ® Oy^{-2(TO - A+i)} ^ £"^^^{21'+^]. 

□ 

2.5. The Subvarieties Z^. Consider the C ^ -equivariant subvariety 

Z}, := {{L.,L'.) : = L'^ for j / z } C x 
Now, we will analyze the four cases which lead to having two components. These cases are 
f3i = Pi+i = 1, A = Pi+i = m - 1, A = 1, A-i-i = m - 1, fii=ni- 1, = 1 
In all these has two smooth irreducible components each of the same dimension as Yp. The cases 
where has two components are much easier to handle, so we will limit ourselves to those in this 
paper. 

Suppose that we are in the first case and assume that Pi — (3i+i = 1. Then the first component 
corresponds to the locus of points where Li = L'^, and so is the diagonal A C Yp x Yp. The second 
component is the closure of the locus of points where Li ^ L\. Note that if Li ^ L[^ then zLi+i C 
-Li n L ■ = Li-i. Thus we see that on this closure, zLi+i C Li-i. Hence this second component is the 
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subvariety :— Xy xy^ Xy where the fibre product is with respect to the map q : Xy ^di(/3)- 
Thus = A U Vg* C X Yp. 

If Pi = (3i+i = m — 1, then a similar analysis holds with the same conclusion. On the non-diagonal 
component, we have C Li fl L'^ = zLi+i. 

On the other hand, suppose that (3i = 1 and /Ji+i = m — 1. Then the first component is the locus 
of points where Li C i-. Notice that if we let (3' — {Pi, ... , 1, m — 2, 1, Pi+2, ■ ■ ■ , Pn) then is 
a natural subvariety of C Ypi corresponding to the locus where zLij^i C Li_i and zLi^2 C Li. The 
maps TTi : ^ l/3,7r2 : — > Kii(/3) are both birational, since they are isomorphisms over the open 
sets where zLi^i ^ ii-i. For this reason we sometimes refer to as the diagonal-like component. 

The second component is the closure of the locus of points where Li<^ L\. On this closure, we see 
that zLi+i C Li-\. So this component is Vg := Xy ^'i^d (;?) (/3)- Thus as above, we conclude that 

A similar analysis holds in the Pi = m ~ — 1 case. 

Remark 2.5. Let us now consider the variety Zy from the point of view of the geometric Satake 
correspondence. We retain the notation and assumptions of Remark 12.21 Define 

Zxf, := GrxxGrf, x-^:^ Grf^xGrx. 
Using the stratification of Gr a+^i, we see that 

By Proposition l2.3[ each piece in this decomposition has dimension 2(A + /i — zy, p) + 2 (i^, p) — (A + /i,2/9). 
Since they are all disjoint, their closures are the components of Z\y^. Thus, we conclude that the 
components of correspond to exactly those v occuring in the tensor product decomposition of 

If we are in the case of g = sIm, A = w^, /i = w/, we see that 16, VJj has two direct summands if 
and only iffc, Ze{l,TO — 1}. This matches with the conclusions drawn above. More specifically, we 
have the following components iffc = ZG{l,m— 1} 

which correspond to Ay^, respectively (where P = {k,l)). Here denotes the simple root corre- 
sponding to UJk. 

Iffc7^ZG{l,m— 1}, we have components 

(G (Gro) Xcro m^luk^Gro) 

which correspond to W^, respectively (where P — [k, I)). 

2.6. Comparison with resolution of slices. The main purpose of this subsection is to make contact 
with the work of Manolescu. For this section, we will work with P{k) := (1, . . . , 1, m — 1, . . . , m — 1) 
where there are k ones and fc to — Is. Let Yk = ^^(fc)- 

2.6.1. The Spaltenstein variety. We consider the subspace C™*^ = C™ span(z^-'^, . . . , z^'') C C™ 
z-^C[z-^]. Let 

Fk {(ii, . . . , L2k) e Yk : L2k = 

Note that z restricted to C"*^ is a nilpotent operator of Jordan type p = {k, . . . ,k) (where there are m 
fcs). Hence Fk is the variety of all partial flags of type P{k) which are respected by a fixed nilpotent of 
type p (it is called a Spaltenstein variety). 
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Now, we define a certain open ncighbourliood of Fk, inside Yfe. Define a linear operator P 
,yP 

onto tlie subspace C™'^. Define 



z-'^C[z-^ C"'' by P{v ® z-') ^ V ® if i < k and P{v ® z-') = if i > fc. So P is a projection 



Uk := {(ii, . . . , L^k) e >fe : P{L2k) - C™^- 

Remark 2.6. Let us comment on tlie meaning of tliese varieties from tlie point of view of the afRne 
Grassmannian. Recall that we had the convolution variety Grx which comes with a map m : Grx — > Gr. 
Under the isomorphism Yk = Gr\, the subvariety Fk is identified with the variety m~^(z") where is 
the G^(C[[z]])-orbit of the indentity matrix in Gr (this orbit is a point). Under the geometric Satake 
correspondence the push forward of the constant sheaf of Fk by m corresponds to the tensor product 
Vg(fc). It can be easily seen (for example Prop 3.1 of |Halp that this implies that the top homology of 
Fk is isomorphic to the space of invariants (C™ ® • • • (g) A™-i(C'") (g) • • • A™-i(C™))^'" . 

The point in Gr has a natural open neigbourhood oGr := G"^ {[z~^]) ■ 2" in Gr. Under the 
isomorphism Yk = Gr0^k)j the subvariety Uk is identified with the open subset m^^(oGr) C Gr^fj^y 

2.6.2. Nilpotent slices. Let denote the nilpotent matrix of Jordan type p{k) — [k, . . . ,k) and let fk 
denote the matrix completing it to an 5(2 triple. Let S'p(fe) denote the set + ker{fk-), which is a slice 
to the adjoint orbit of e^. We consider the following variety 

Sp(k).Mk) ■■= {(X, V.):Xe Visa partial flag in C"'= of type /3(fc), XV, C U,_i}. 

Note that Sp(^k),f3(k) contains Fk. 

In [CKj . we considered the case when m — 2. Via similar reasoning to that paper, it is easy to 
establish the following result which is a special case of Theorem 3.2 in [MVy| . 

Proposition 2.7. There is an isomorphism Uk Sp(^k).p(k) which is the identity on Fk. 

2.6.3. Manolescu construction. We can now explain one motivation for our work. 

In his paper |Ma| . Manolescu gives a construction of a link invariant using symplectic geometry, 
generalizing the construction of Seidel-Smith [SS| . Following |Ma| . consider the subgroup Sfe x C 
5^2fe7 where I]„ denotes the symmetric group, and consider the quotient BGk ■= (C^'^ \ A)/Efe x S^. 
For any r = (A,/i) G BGk, consider the afhne variety 

Mk,T ■= {AT Sk ■ X has eigenvalues A of multiplicity 1 and fi of multiplicity m — 1}. 

As T varies over BGk, the Mk.r form a symplectic fibration. Manolescu uses this fibration to construct 
an action of the braid group BkX Bk — Tri{BGk) on the set of Lagrangian submanifolds of a given fibre 
Mk,T- Using this action he constructs a link invariant by associating to each link K, HF{L, {(3 x 1)(L)), 
where HF{, ) denotes Floer cohomology, ct G Bfe is a braid whose closure is L is certain chosen 
Lagrangian in Mk^T not depending on K , and a{L) denotes the above action of a on L. 

The honiological mirror symmetry principle suggests that there should exist some derived category of 
coherent sheaves equivalent to the Fukaya category of the affine Kahler manifold Mk,T- In particular, 
the braid group should act on this derived category and it should be possible to construct a link 
invariant in the analogous manner, namely as Ext(L, {a x 1){L)) for an appropriate chosen object L in 
a certain derived category of coherent sheaves. 

By the general theory of nilpotent slices (see for example Proposition 2.11 of |Ma| ) . Mk,T is isomor- 
phic as a manifold to Sp(^k),i3{k), but has a different complex structure. In particular, they are related 
by a classic "defomation vs. resolution" picture for hyperKiihler singularities. Hence hyperKiihler ro- 
tation suggests that the Fukaya category of Mk^r should be related to the derived category of coherent 
sheaves on Sp[k),i3(k) or perhaps the subcategory of complexes of coherent sheaves whose cohomologies 
are supported on the Spaltenstein variety Fk. 
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In our paper, we found it more convenient to work with the fuU derived category of the compacti- 
fication Yk of Uk and to work with tangles, rather than just hnks presented as the closures of braids. 
However, suppose that a link K is presented as the closure of braid /3 G Bk- Tracing through our 
definitions from section |4l we see that (ignoring the bigrading) 

Haig(X) = H{^{K){C)) - Ext^(^,) (L,a(L)) 

where L is the structure sheaf of a certain component of the Spaltenstein variety Fk (tensored with a 
line bundle). Thus, our link invariant has the same form as would be expected from this string theory 
reasoning. 

3. Properties of the Varieties Involved 

In this section we list some technical properties of our varieties XJ^, Yg and and in so doing 
describe more of the geometry. These results will be handy in later sections and we will often refer 
back to them. 

3.1. A topological description of Yg. Earlier, we saw that Yg is an iterated Grassmannian bundle. 
In fact these bundles are topologically trivial. The following is a nice way of seeing this and will be 
useful in what follows. 

Fix a vector space C™ with a Hermitian inner product. 

Theorem 3.1. There is a diffeomorphism Yp —>■ Y[i Gr{(3i, m). Moreover under this isomorphism, 
is taken to the submanifold 

A\ ■= {ih,...,li,k+i,...ln) : h -L k+i} C Y[Gr{(3i,m). 

i 

First, let C : C™ z^^C[2;^^] — > C™ denote the linear map corresponding to setting z^'' to if 
fc > 1 (it is a residue map). Next introduce the Hermitian inner product of C™ z^^C[z^^] given by 
{v (g) z'',w'S> z'-) = Sk,i{v, w). 

Lemma 3.2. Let W C C™ (8> z~^'C[z~^] be a suhspace such that zW C W . Then C restricts to an 
unitary isomorphism z~^W H W'^ C™. 

Proof. The proof is identical to the proof of Lemma 2.2 of [CK| . □ 

Proof of Theorem \3.1\ Given (Li, . . . , _L„) G Yg, let A/i, . . . , M„ be the sequence of subspaces of C" ® 
z^"'"C[z^^] such that 

Lk^Mi®---®Mk Lk-i±Mk. 

Hence Mk is a f3k dimensional subspace of the m dimensional vector space z~^Lk-i H Lj:_^. By the 
lemma C{Mk) is a Pk dimensional subspace of C™. 
Thus we have a map 

Yp^l[Gr{(3k,m) 

k 

(Li,...,L„) ^ (C(Mi ),..., C(M„)) 
It is easy to see that this map is an isomorphism. 

Now, let us consider (Li,...,L„) e X^. Since Li+i C z~^Li-i, we see that Mi,Mi+i are both 
subspaces of flL^j^. As they are perpendicular, they are sent by C to perpendicular subspaces 

of C™. Hence C(M,) ± C(M,+i) as desired. □ 
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Remark 3.3. The fact that Grp is topologically trivial is easy to see from the point of view of the 
affine Grassmannian. Indeed it follows immediately from the fact that the projection G^(C((z))) Gr 
admits a smooth lift. This lift exists because we may identify Gr (as a manifold) with the group of 
based polynomial maps from into the maximal compact subgroup of (see [Gj). 

One important corollary of Theorem 13. H is the following. 

Corollary 3.4. For any [3 and any 1 < i < j < ri— 1, the subvarieties X^^ and X-j^ intersect transversely 
in Yf}. 

Proof. Since X^ and X^ are smooth submanifolds of F/j, it is enough to work with the topological Yfj. 

By Theorem 13.11 Yp = Y\^ Gr{(3i,m) with XJ^ taken to A^. So it sufSces to show that and A^ 
intersect transversely. Recall that 

Al^ {{h, ■ ■ ■ ,h, h+i, ■ ■ ■ , In) '■ h ^i+i}- 

Hence it is immediate and A-p intersect transversely. □ 

From the fact that Xp and X^ meet transversely, it follows that all the interesections considered in 
this paper are transverse, by the same arguments as given in section 5.1 of [CKj . 

3.2. Normal Bundles and Relative Dualizing Sheaves. Now we move in a different direction and 
compute normal bundles and relative dualizing sheaves. 



Lemma 3.5. As usual, let i be the equivariant inclusion X^ —>■ Yfj and q the equivariant projection 
(i) 



~^ ^d,ip) then 



{L,+i/L,Y ® L,/i,_i{2} if ft + ft+i < m 

'^h/^^ - \ {z-^U_^lUy ® UlzU+^{2} if ft + ft+i > m 

that 

(ft)ft+i (ft+i)-ft{2ftft+i} z/ft +ft+i < m 



detiV^./^^ - I ^ ^^^^^y^ ^^^^^ ^ ^^^^ ^ ^ 



(ii) 



{U+i/UY U/U^i if Pi + ft+i < m 



^'^^.w \ {z-^U^YL^Y ® U/zU+i if (3, + l3,+i > m 
so that 

^ r i£,Y':: ® (^^+1 ) _ _ if ft + ft+i < ™ 

"^^^/^..o) - \ (S^Y"^^' ® (£:,+i)'5.{-2ftft+J z/ft + ft+i > m 
(iii) //ft = ft+i e {l,m - 1} then X'^ dYp is a divisor with YpiXj^) = f i (g) fj>+i{2ft} 
Notice that Nx^^/y^ = ^^x^/y^^j^, {2} so that 



detN 



^xyY,^^,,{2m+i} «/ft + ft 



'i+l 



< m 



^^/^« I {2/3»/3.+i} A + ft+i > m 

Proof, (i). The map z : Li+i — > Li{2\ induces a morphism Li+i/Li — > Li/Li-i{2} and hence a 
section of Homy^ (Li+i/Li, Li/ii_i{2}). If ft + ft+i < rn this section is zero precisely over the 
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locus where z maps Li+i to Li-i, namely XJ^. Thus the normal bundle Nx'^/Yfi is isomorphic to 
{Li+i/LiY (g) ii/ii_i{2}. Subsequently, if /Jj + (3i+i < m then 

det(iV^./yJ ^ det(Li+i/ii)-dim(i-*/i.-i) ^det(ii/ii_i{2})dim(i-.+i/ii) 

One can also consider the map z : z~^Li-i Li{2} which induces a morphism z~^Li-\/Li 
Li/ zLi^i{2}. If /3j + A+i ^ the corresponding section is zero precisely over the locus where z maps 
z~^Li_i into or equivalcntly C zL^^i, namely again. Thus the normal bundle Nx^Y/s 

is isomorphic to (z~^Lj_i/Li)^ (g) Li/z_Li+i{2}. Subsequently, if /3i + /3i+i > m then 

det(A^x^/y^) ^ det(z-iL,_i/Li)-*^™(-^*/^^*+i) 0det(Li/2Li+i{2})d™(^"'-^*-i/^*) 

^ i£i)-^^+^{M-P^+l)} ® (^i+l)'^-{2^i+l^. - ^i+l^J 

(ii) . If /3i + < m then q : ^ ^di(/3) is the C ^ -equivariant Gr{l3i,Pi + A+i) bundle 
Gr{/3i,Li_^.i/Li_i) — > Id.(^). So the relative cotangent bundle of q is Hom(ij_|_i/ii, Z/j/Z/j_i) = 
[Li+i/UY ® Li/Li-i and so Wx-/v,^(^) = (^i+i)"''' «) 

If Pi+Pi+i > m then q is the Gr{m—(3i, 2m — /3i+i) bundle Gr{m — f!)i, z~^Li-i/zLi+i) Ydi{i3)- 
So the relative cotangent bundle of q is Hom(z~^Lj_i/Li, Li/zLi+i) = {z^^Li-i/ LiY (E) Li/zLi^i. As 
before, this means u^xj^/y^^^^^ = 18) {£i+iY'{-2piPi+i}. 

(iii) . If /3j = = 1 then is the zero locus of z : ^ L,;/L,_i{2} so C'y^(X^) = 
fj^i ® £i{2}. If /3i = = m — 1 it is the zero locus of z : z^^Li^i/Li Lj/zLj+i{2}. Thus 

^ (z-iL,_i/L,)''«'(i*M.+i{2}) 
^ -26^-1 - 2m} ® {26^+1 + 2} 
^ £:,^+i(8)fi{2/?i}. 

□ 

Lemma 3.6. We have LOy^, = dct(L„/Lo)™{-2m6^ -'^T.t b'/f^Pz}- 

Proof. Consider the projection map n lY^ ^ Y^i given by (Li, . . . , Ln-i,Ln) — > {Li, . . . , -L„_i) where 
/?' = dn{l3). Then tt is the Grassmannian bundle Gr(/3„, ^;~^L„_i/L„_i). Hence 

^ det(L„/L„_i)'"-'5" det(^-iL„_i/L„)-'5'' O 7r*a;y^, 

S C {-2m/3„ - 26^-i/3„} 

The result follows by induction. □ 

Lemma 3.7. As usual suppose that Pi,(3i+i G {l,m — 1}. Then Z^, which is a local complete inter- 
section, has dualizing sheaf 

'^^^ \{£l ® O 7ri*a;v^{2(m - 1)} z/ A ^ A+i 

j4Zso, z/tti and 772 denote the natural projections from then ttuOz'^ = Oy^ and 1^2*0 = Oy^, 
while TTucozi — ^y/} andn2*u)zi —'^ys-oj)- 
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Proof. If Pi+i = 1 consider the Grassmannian bundle tt : W := Gr{(3i+i, Li+i/ Li-i) Yp. Let 
p : — > W be the natural embedding. The map z : Li+i/Li — > Z/i+i/Z/^{2} where is the 
tautological bundle on W vanishes along the locus where zLi+i C L'^. 

There are two cases to consider depending on whether or not z maps Li+i down into Li-i. If it does 
then z takes L[ to ij-i. If it does not then span(zLi+i, Lj_i) = L- since dim(i-/ij_i) = = 1. 
Since z'^Li+i C Li-i we find again that z maps L[ into Li_i. This means z provides a section of 
V = {Li+i/LiY 'S> Li+i/L-{2} which vanishes precisely along p{Zy). 

Since dim(F) = (3ipi+i = codim(Z^) we find that is a local complete intersection while ^zy — 
uJw\zy ® det(F). On the other hand, 

uJw=(^-K® T^*i^Yp = det(L-/L,_i (g) {U+i/L'iY) ® tt*ujyp = [S'lf' (E) (S^+iV (E) TT*LOYp. 

Thus 

where we use that tt o p = tti to replace tt* by ttJ" . 

If = m — 1 and /3j = 1 the same argument works if we use instead the map z : L^/Lj-i 
Lj/Lj_i{2}. In this case wvf = O <8) 7r*a;r^ so that 

- (£:; ® 7r*o.y,) mr ® ^r"'){2("^ - 1)} = {si ® ^^r+i)™-^ » niu^vM^ - 1)} 

where we use that £i (g) fj+i = det(Li+i/iyj_i) = £■ (S> fj'+i on Z^. 

If /3j+i = m — 1 = /3j we need to use n iW := Gr{l, z~^Li-i/ zLi+i) Yg and a similar argument 
applies. 

Finally, we prove that TTi^O^j — when /?, = m — 1 and = 1 (the other cases follow 

similarly). From above we know O^j has a Koszul resolution 

/^m-lyV ^ ^ /^2yV ^ yV ^ 

where V = (L,;+i/Li)^(8)-L.;+i/iyJ{2}. On the other hand, Lj+i/Lj restricted to a fibre of tti is the trivial 
line bundle while Li+i/L- restricts to the tautological quotient bundle Q. Since Q(^Ofm-i{l) = Tpm-i 
we get that restricts to = 0pm -i (1) and hence A-'V^ restricts to It is then an elementary 

exercise to check that i?''(P™~^, f^^m_i (j)) = for j > and any k. This means tti. A-' = for 
j > and so tti^O^* — ''^i*C>w — Oy^. 

The fact that 7ri*a;z' — ^Yf, is a formal consequence of 7ri*Oz» — ^y^- 

4. Functors from tangles 

Now wc specialize to only consider those /3 where each (3i is either 1 or m — 1 (note however that 
some of the components of di{P) may be 2 or m — 2). 

An oriented (/3, /3') tangle is a proper, smooth embedding of (n + n')/2 arcs and a finite number of 
circles into x [0, 1] such that the boundary points of the arc maps bijcctively on the n + n' points 
(1, 0, 0), ... , (n, 0, 0), (1, 0, 1), ... , (n', 0, 1) and such that the arc is oriented down (resp up) at the point 
(i, 0, 0) (resp {i, 0, 1)) if and only if /3, = 1. Thus, /3, /3' keep track of the orientations of the endpoints 
of the tangle. A (0, 0) tangle is a link. 

Given an (/?,/?') tangle T and a (/?',/?") tangle U, there is a composition tangle T oU, which is the 
(/3, /3") tangle made by stacking U on top of T and the shrinking the ^;-direction. 



KNOT HOMOLOGY VIA DERIVED CATEGORIES OF COHERENT SHEAVES II, sl{m) CASE 



15 







{l,m - 1) 
cup 



(l,m — 1) (1, 1) crossing (1, 1) crossing (l,m — 1) crossing (l,m — 1) crossing 
cap of typo 1 of type 2 of type 1 of type 2 

Figure 1. the generators for tangle diagrams. 







ttt tV t -i^^it^ 

R-move (0) R-move (I) R-move (II) 

Figure 2. Reidemeister relations for tangle diagrams. 




R-move (III) 



4.1. Generators and Relations. By projecting to R x [0, 1] from a generic point we can represent 
any tangle as a planar diagram. By scanning the diagram of a (/?, /?') tangle from top to bottom we 
can decompose it as the composition of cups, caps and crossings. The list of all such building blocks 
consists of those tangles from Figure [T] together with those obtained from them by switching all the 
orientations (arrows). 

We will give these generators names depending on their position. A cap creating the i and i + 1 
strands and so making a {di{(3), [3) tangle will be denoted g^. A cup connecting the i and i + 1 strands 
and so making a {P,di{P)) tangle will be denoted by A crossing of the i and i + 1 strands and 
so making a {P,Si{/3)) strand tangle will be denoted tp{l), where I varies from 1 to 2, depending on 
the type of crossing, as shown in Figure [T] Any generator which is obtained from these generators by 
reversing the direction of all arrows involved will be denoted by the same symbol. 

The following theorem tells us when two tangle diagrams represent isotopic tangles. 

Lemma 4.1 (JKas', Lemma X.3.5]). Two tangle diagrams represent isotopic tangles if and only if one 
can be obtained from the other by applying a finite number of the following operations: 

• a Reidemeister move of type (0),(I),(II) or (III). 

• an isotopy exchanging the order with respect to height of two caps, cups, or crossings (e.g. the 
left Figure in\^shows such an isotopy involving a cup and a cap). 

• the rightmost two isotopies in Figure\^ which we call the pitchfork move. 

More concisely, we have the following relations: 

(i) Reidemeister (0) : o ^ id ^ /^''"^ o 

(ii) Reidemeister (I) : f^ o tf\2) o = = o tf\l) o g^ 

(iii) Reidemeister (II) : i',^(^)(2) o t^(l) = id ^ *s.(/3)(l) ° ^M^) 

(iv) Reidemeister (III) : (?i) ° Cmih) o t},{h) = tlt(l.+,(/3))(^3) o t:,,,(^)(^2) o f+\h) 

(v) changing height isotopies, such as : g^^^ o .9^^(^) = gj^ o g^i^l)^'^ 

(vi) pitchfork move : tl^^f,){l)ogl+'^^ = tl+l(pp)o9l^^^^y t;^(^)(2)o.9^+^^ = CA(/3)(l)°^'^.+i(/3) 
where in each case (3 is chosen such that all the expressions are well defined. 
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Figure 3. Relations for tangle diagrams. 



4.2. The Functor \I>(T) : D{Yj3) -0(^/3')- To each {(3, (3') tangle T, we will construct an isomorphism 
class of functor *(T) : D(Ya) ^ D{Yi3i). These functors will satisfy the property that ^{T) o^{U) = 
*(To[/). 

First we will define functors for each of the elementary tangles in Figure [TJ We define the functors 
corresponding to the cap g^, cup and crossing tp{l) in equations ^ and ^ respectively. 

More precisely, we will assign a Fourier-Mukai kernel Gp,--- to each basic tangle. Recall that if X, Y 
are two smooth projective varieties with a action, then a Fourier-Mukai kernel is any object V 
of the derived category of C ^ -equivariant coherent sheaves on X x Y. Given V E D{X x Y), we may 
define the associated Fourier-Mukai transform, which is the functor 

<P-p : D{X) D{Y) 

Fourier-Mukai transforms have right and left adjoints which are themselves Fourier-Mukai trans- 
forms. In particular, the right adjoint of ^-p is the FM transform with respect to Vr := "P^ (8) 
ttjClIji: [dim(X)] G D{Y x X). Similarly, the left adjoint of ^-p is the FM transform with respect to 
Vl ■= ® 7r5'ct;y[dim(y)], also viewed as a sheaf onY x X. 

We can express composition of Fourier-Mukai transforms in terms of their kernels. If X, Y, Z are 
varieties and <I>-p : D{X) — *■ £>(y), <I>g : D{Y) D{Z) are Fourier-Mukai transforms, then $g o $73 is 
a FM transform with respect to the kernel 

The operation * is associative and (Q * V)r = Vr * Qr. 

See section 3.1 of |CK] or section 5.1 of [Hu| for more details regarding Fourier-Mukai kernels and 
transforms. 

4.2.1. Cups and caps. Suppose for now that j3i + Pi+i — m. Recall that we have the equivariant 
subvariety X^ C of codimension m — 1 which projects to ^^^(/j) with fibre Gr((3i,m). Thus, we 
may regard XJ^ as a subvariety of the product Y^.f^p^ x Yp. Let Q'p denote the C ^ -equivariant sheaf on 
ldi(/3) X Yp defined by 

g^p:^Ox^^®{S':)P^^^{-{i-l){m-l)}. 

Now, we define the functor : DiY^^i^p)) D{Yp) to be the Fourier-Mukai transform with respect 
to the kernel Gp. We will use this functor for the cap, so we define 



(2) 
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We can give a different description of the functor G^. Namely, G^(-) = ® (Ei)'^'-^^ { — {i — 

l)(m — 1)}) wliere we make use of tfie diagram 



Now, we define F*, : ^ Ya^/^p^ by F*,(-) = {£.,+i)-^^){i{m - 1)}. We define 

(3) ^ifh) ■■= F^- 

As with. G^, the functor can also be described as a Fourier-Mukai transform with respect to the 
kernel := ® £,r+i{*(™ - !)}• 

4.2.2. Crossings. To a crossing connecting boundary points i and i + 1 we assign a Fourier-Mukai kernel 
7^(/) £ D{Yfs X i^si(/3)) according to the type of crossing: 

• crossing #1: 

0^,[m-l]{-m+l} ifft e{l,m-l} 
O^, ® (f; ® + l]{2(m - 1)} if A A+i e {1, m - 1} 




Cz-, ® « 'S'n-"^ + 1]{to - 1 + 2/3J if ft = ft+i e {1, TO - 1} 

Ozl ® (f.' ® [m ~ 1] if ft / ft+i e {1, TO - 1} 

Now that we have these kernels, we associate to each crossing a functor 

(4) ^m)) ■■= TMO $r^(0 : DiYp) ^ 

where as usual I G {1, 2}. 

The reader may wonder what is the origin of mysterious looking line bundles and shifts occuring in 
the definitions of 7g(Z). The thing to keep in mind in that once the line bundle and shifts on one of the 
crossings are fixed (say for Tii{l)) then the choices of line bundles and shifts on the other crossings 
are uniquely determined via Reidemeister II and the pitchfork identities f section 15. 6p . 



4.2.3. Functor for a tangle. Let T be a tangle. Then, scanning a projection of T from top to bottom 
and composing along the way, gives us a functor ^'(T) : D{Yi^) D{Ypi). However, this functor may 
depend on the choice of tangle projection. 

Theorem 4.2. The isomorphism class of the functor [T) : Z?(y^) —^ D{Yfji) associated to the planar 
diagram of an {(3, ft) tangle T is a tangle invariant. 

To prove this theorem, we must check that the functors assigned to the elementary tangles satisfy 
the relations from Lemma l4. II This will be done in section [5l 

This construction associates to any link L a functor "^{L) : D{Yo) D{Yi^). Since Yq is a point with 
the trivial action of C^, '^{L) is determined by ^'(L)(C) G -D(i^o) which is a complex of graded vector 
spaces. We denote by H!^\g(i) the j-graded piece of the zth cohomology group of \E'(L)(C) (so i marks 
the cohomological degree and j marks the graded degree). Since 5'(£) is a tangle invariant H!^jg(L) is 
an invariant of the link L. 
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4.3. Properties of the kernels. Recall that if is a Fourier-Mukai kernel, then the right and left 
adjoints of $-p are given as FM transforms with respect to the kernels Vr := (X) 7r2a;x[dim(X)] and 
Vl ■= ^ wy[dim(y)], viewed as sheaves onY y. X . 

Using this terminology, we see that the functors and are related by the following Lemma. 

Lemma 4.3. // (3i + = m then 

n = ^Ib\^^ - 1)} = - - !)}• 

In particular, F^(-) = G^^(-)[to — l]{-(m - 1)} = G^^(-)[-(m -~ l)]{m — 1}. 
Proof. The dual of Oxj^ in Ya-^s) x Yp is 

O^, ^wx. «)7r>^^^^^^ ®7r*<^[-dim(X^)] 

and so 

Shn = Ol^^ ® - l)(m - 1)} ® [dim(y,,(^))] 

- ® ® (f,+i)-^'{2(m - 1)} (fO^^'+Hl* - - - 1)] 

- ^^[-(m-l)]{(m-l)} 

where, to obtain the third line, we use Lemma 13.51 
Similarly, 

^ O^, ® - l)(m - 1)} ® 7r*L^y,Jdim(y^)] 

^ (f^+i)""' ® " - l)}[m - 1] 

= ^^[(m-l)]{-(m-l)}. 

□ 

The functors for under and over crossings are related by the following Lemma. 
Lemma 4.4. We have that ^^{1)^ = 

Proof. In [CK] we computed 7^(2) by breaking up the kernel into two pieces, computing their dual 
and reassambling. This time we compute the dual of O^* directly since by Lemma 13.71 we know oj^y 
If f3i = Pi+i, then /3 = Si{(3) and we have 

T^{1)l = {Ozy [m - l]{-m + 1})^ ® ^2*^n,(« [dim(l»] 

^ {ujz^^ ®w^^xy^^^^J-dim(y^)])[-m + l]{m- 1} ® 7r^cjY'^^(^)[dim(r;3)] 
= Ozj^ ® Z[£^^^ ® nlujy^, {2A}) ® ^*c^^^ [-m + l]{m - 1} 
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If (3i ^ we have 

T^il)L = (Ozj {£.£Ui^f'-'[-m + l]{2(m - 1)})^ ® ^2^y^^,,,> [dim(l»] 

- (^^. ®<^,y^^^^J-dim(l»]) ® l]{-2(m- 1)}) 7r*wy^^,,jdim(y^)] 

- ® (f.'^r+i)""' ® 7r*c.y,{2(m - 1)}) ® ® 7r*c.^^Jm - l]{-2(m - 1)} 

Let /3' = s,(/3). Then = /3i+i = m - /3i while /S^^^ = Pi. The result follows. □ 

4.3.1. Twists. We now give an alternate description of the functors T^(^) when Pi = Pi+i in terms of 
twists. We briefly recall the concept of a twist. Let $75 : D{X) D{Y) be a FM transform with 

respect to G D{X x Y). The FM kernel Tp := Conc(7' * Pi^ ^ Oa) e D{Y x Y) constructed using 
the natural adjunction map P-p induces a functor ^-Xp ■ D{Y) D{Y) which is called the twist with 
respect to 4>p. 

Let = Oxj:^ S'i G ^ ^/s)- It turns out T^(2) can be described as a twist with respect 

to :— <i>-pi : Z)(F(j.(^)) — > D{Yp). The essential reason for this is that Zp has two equi-dimensional 

components, one of which is the diagonal A and the other is the fibre product — Xy^^^^ XJ^ 
which intersect in a divisor. 

Theorem 4.5. Suppose Pi — Pi+i. The functor T^(2) is the twist in the functor shifted by 
[—m + l]{m — 1}. In particular 

T^{2)^Tp.[~m + l]{m-l}. 
Proof. Since Pi = Pi+i, Si{P) — P so we just write Yp instead of Kji(/3)- We need to show that 
® ® Slim = Cone(P^ * {Pj,)R ^ Oa) e D{Yp x Yp). 
Working on Yp x ^diC/j) x Yp, by Lemma ITBl below, we have 

n * = 7^13, (7^1*2 (Ox^ 5r+i[-l]{2ft}) 7r*3(0^. ® 50) 

= 7ri3, (7^1*2 ® ^2*3(^xj ® Ci ® fn-l]{2A}) 

Since 7rf2^(X^) and 7r23^(X^) intersect transversely 7r^2Cx» '8>7r230x^ = Ovy where W = Tr^2i-^}i) ^ 

7r23^(X^) inside Yg x ldi(/3) x Yg. The projection ttis maps W isomorphically onto C Y/3 x Yp. Using 
the projection formula we find 

P}, * (P^)fl - Oy. ® ® (£;+i)^[-i]{2A}. 

Since the map PJj * {'P}i)r. ~* C'a is the adjoint map it is not identically zero. From the distinguished 
triangle 

Oa ^ ConeCT'^ * {P},)n ^ Oa) ^ P}, * (^^)fl[l] 
we find that Cone(7'^ * {Pp)R Oa) is a non-trivial extension of Oyi (g) £■ ® £'^^^{2/3^} by Oa which 
is supported in degree zero (here we used that £i ^ {£-^i)^ = £[ ® 5,^^ on Vp). 

On the other hand, fl A is the divisor Xy ^ A so we have the standard exact sequence 

If Pi — Pi+i then by Lemma [3T5l we know Oy^ {—Xp) = £i+i ®£i{—2Pi}. Hence we have the triangle 
Oa ^ ® £^+i ® £^{2P^} ^ Oy^ £^+^ ® £,{2/3,} 
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which means C^j (8) f^+i ® £^'{2/3^} is a non-trivial extension of Oyi ® £^^i fi{2/3i} by Oa- Since 

the same is true of Cone('P^ * (Vp)]^. Oa) it is enough to show that there exists a unique non-trivial 
such extension. 

We do this by showing that Ext^(C'y^i (8> S^^i (8> i?-{2/3i}, Oa) is one dimensional or equivalently that 
F,xt^{Oyi,OAi—XJp)) is one dimensional. Since A and Vg are smooth with A fl Vg = a smooth 
divisor in A, we know from corollarv l4. 81 below that Honiy^ ^^y^ (Oyi , Oa(— -'^^)) — Homj^i (Ojfi , Ox^ ) 
is one dimensional. □ 

Lemma 4.6. If /3i = then 

Proof. The dual of Oj^-i in ldi(/3) x ^f} is 

o^. = ® ^>Y,^^,, ® ^>Y,[-'^Mxi)]. 

Hence 

nn - O^. 0£:r®^2W,,<„[dim(F,.(0))] 



If f3i — Pi^i = 1 then by Lemma a; ® T^i^Yf^ — ^x^^i^i ® £j^i){2} so we get 

T'^^-O^. 5^+1 [-1]{2}. 
If Pi — /3i+i = m — 1 then by Lemma [331 cjyi ® Tr^Wy^ = Oxj^i^i ® ^i+i){2(™ — 1)} so we get 

n« = 0^. ®£r+i[-l]{2(m-l)}. 

Finally, 



- P^^[2]{-2} 

where the third equality follows since LUxyVij — ^x^/i'do) {2} if ft — Pi+i fLemma l3.5p . □ 

Lemma 4.7. Let S, S' G T be local complete intersection (l.c.i.) subvarieties of a l.c.i. quasi-projective 
variety T . Suppose S H S' d T is a l.c.i. and J- a locally free sheaf on S . Then 



ifl<c 
Osns' (j*^ ® det Nsns'/s) ^fl--c 
where i : S ^ T , c is the codimension of the embedding j : S (1 S' ^ S and Ngf-^gi/g is the (locally 
free) normal bundle of S H S' C S . All this also holds -equivariantly. 

Proof. This is a slight generalization of Lemma 4.7 from |CK| but the proof remains the same. □ 

Corollary 4.8. Let S^S' C T be l.c.i. subvarieties of a l.c.i. quasi-projective variety T. Suppose 
S n S' G S is codimension c and carved out by the section of a rank c vector bundle V on S. Then 
HomT(Os'[~c], Os ® detV^) = Homc(0£), O/j) so, if T is projective, there exists a non-zero map 
Os'[^c] — > Og^det which is unique up to a non-zero multiple. All this also holds -equivariantly. 
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Proof. This is a slight generahzation of corollary 4.8 from [CK| and follows easily from Lemma l47fl □ 

We finish the section with a result, which we will need later, related to Lemma [4.71 For simplicity, 
consider three smooth subvarieties S, S' , S" C T whose pairwise intersections are also smooth, othly. 
Denote by c' and c the codimensions of S" n 5' C 5' and S' Ci S C S respectively. Suppose that 
S" n S C S is codimension c + c'. An elementary check shows that this implies S H S" = S H S' D S" 
since they have the same dimension and that S Ci S' and S" H S" intersect in the expected codimension 
inside S' . Furthermore, let C and C denote line bundles which, for simplicity, we assume to be globally 
defined on T. Consider the following diagram: 



n S", C det Ns,nS"/S')^H°{OsnS' , C det Ng^s'ls) > H"{OsnS" , /IC det NsuS"/s) 

where the top line is the natural composition map while the bottom line is multiplication of the 
restriction of sections to n 5" n S". The vertical isomorphisms follow from 14.7] where we use that 
det{Nsir]S" /S') ® '^^^{NsnS' /s) — 'i^^i^SnS" /s)- The last isomorphism is a consequence of the short 
exact sequence Nsns" /snS' NsnS"/s ^sns'/s coming from SnS" C SCiS' C S and the 
isomorphism NsnS" /SnS' — -^S'nS"/S' (which follows from the general result Nx/z\xnY — NxnY/znY 
if X and Y intersect in the expected dimension inside Z). The naturality of all the maps means that: 

Lemma 4.9. The diagram above commutes. 



5. Invariance of 

In the previous section we defined the functor ^'(r) by first choosing a planar diagram representation 
of T. In this section we prove that ^' does not depend on this choice. To do this we will show that ^' 
is invariant under the operations described in Lemma |4. II 



5.1. Invariance Under Reidemeister Move (0). The first relation we deal with is Reidemeister 
move (0) from Figure [5] which follows from the following identity. 

Proposition 5.1. Assume that (3 contains a string (l,m — 1, 1) or (m — 1, 1, to — 1) starting the ith 
slot. Then 



In particular, fl^^ o G!^ = id = Fg o Gl^^ 



_ _ 1 
p u — tu _ u 

Proof. To prove the first isomorphism recall that 

= 0^.^^^ ® (£:,+2)-^'+H(* + - 1)} and = O^^^ ® i^'i)^'^' {-{^ - - !)}• 

The intersection W :— 1^12 {X^p) H ^^23 inside Xii(/3) x ^ x ^di(p) is transverse. Moreover 

W = {{L..L[, L'!) -.Lj = Lj for j < i, L.j = zL'j^2 for J > h 

L'^ = for j<i + l, L'^ = zL'j^^ for j>i + 1}. 

Examining this variety we see that ttis maps W isomorphically to the diagonal in 5^di(/3) x Yj^.(^py 
Moreover, as zL[_^_2 = L[{2} and zL[_^_l = L[_i{2}, we see that the operator z induces an isomorphism 
i^_,_2/I/-_|_i = L-/i-_;^{2} on W. Taking determinants this implies £-_^_2 = £l{2f3i} on W. 
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Hence 

^+1 * = i,^U<2{Ox^^ ® 1)}) ® 7^*3(0^,+: ® + l){m - 1)})) 

= '^is^C^.-txj) ® ® (^^ ® £.'+2'')^'+U2(m - 1)}) 
= 7ri3,(0i^) = Oa 

where to obtain the last hne, we use that £[ = f,-_|.2{— 2/3^}. 
The second isomorphism is actuahy easier to prove. We have 

* gf' = ^i3,K2(Ox^+i ® {£[+^f^^^{-i{m - 1)}) ® ^2*3(0^. ® - 1)})) 

- ^7ri3(7r-2i(X^+i)n7r-3i(X^)) = ^A- 

□ 

5.2. Invariance Under Reidemeister Move (I). To prove invariance under Reidemeister move (I) 
we need a few prehminary resuhs. 

Lemma 5.2. Let Y he a smooth projective variety and let V he a smooth subvariety in Y . Let Vi, V2 
he smooth suhvarieties ofV and assume that they meet in the right codimension inside V. Then, inside 
D(Y), we have 

where Ny/y is the normal bundle ofV inside Y and Vi fl V2 is the scheme theoretic intersection (this 
also holds -equivariantly). 

Proof. This is a generahzation of Lemma 5.2 of [CKj . Denote by i and j the sequence of inclusions 
Vi^V ^Y. Then 

n'^iOv, ®Ov,) = H^iu o o tyov,) = j.i.n''{t*rj.Ov,). 

Now l-L''{j*j^Ov2) — C'vs ® ^^'^^v/Y- other hand, i*Ov2 Cvinys since Vi and V2 intersect 

in the right dimension inside V . Thus i*Ov2 has no lower cohomology and so 

= i*n\r3*Ov2) = i*Ov2 ® ^-"N^/Y = Ov,nV2 ® A^'^K/y 
The result now follows. □ 

Remark 5.3. You can replace Oxi and in Lemma bv vector bundles Wi and supported 
on Xi and X2. Then ® m) = Wl\x^nX2 ® W2\x^nX2 ® A-'=iV^/^|xinx.. 

Lemma 5.4. In the sequence of C* -equivariant maps shown below suppose X,Y,Y' are smooth, pro- 
jective varieties with iTiiY') = 0. Further assume q is a smooth map and i an inclusion such that 
Nx/Y = fix/Y'{s}. Denote by V E D{Y' x Y) the kernel Ox ® jC where C is some tensor of line 
bundles pulled back from Y' and Y . If a fibre F of q (and hence all fibres) has a cellular decomposition 
then 

'H'\Vr *V)^Oa ®c H'\F, C){sn/2} and * T') Oa ®c H-'^iF, C)^{sn/2}. 

Proof. We write C :~ tt\Ci ® 7rJ£2 where Ci and £2 are line bundles on Y' and Y . We have 
Vr = O^^C" ® T^lujy, [dim(y')] 

^ ujx® Cy ® ^Yxy [-dim(X)] ® TT^wy, [dim(r')] 
ux®C^®T^*iUJ^[-r\^AetNx/Y®i^^[-r] 



KNOT HOMOLOGY VIA DERIVED CATEGORIES OF COHERENT SHEAVES II, sl(m) CASE 



23 



where r is the codimension of i : X C Y or, equivalcntly, the dimension of the fibre of q. Hence 

Vr*V = 7ri3,(7ri2(Ox) «> {t^ICi ® i^lLi) ® T^l^{A&i N x j Y\-r\) ® (tt^/:^ ® TrJ^i )) 

using the natural projection maps on y' x F x Y' . Now V\ = TT^2i^) ^^^d V2 = 7r23^(X) intersect 
transversely inside V = Y' x X x Y' . Applying Lemma [5?2l we get a spectral sequence 

EP'' = HP (^i3***(detiVx/y ® /^''-'K/Y'xYxY'lx ® nlCi ® n^Ct)) =^ W+'^iVR * V). 
On the other hand, 

7^p(7ri3,i,(detA^x/v®A'-*iV^/^,^^^y,|x)) = {^i^.u h'^ Nx/y) 

where i denotes the inclusion Vi r\V2 = X ^ Y' x Y x Y' . To obtain the first isomorphism we used 
that Ny/y'xYxY'\x = Nx/Y- 

Now TTia o i = A o q where A : F' — > F' x F' is the diagonal embedding. On the other hand, 
since each fibre F of q has a cellular decomposition we have H'''\F,Z) — 6k,i'Z®^''-^ where bk.i is the 
corresponding Hodge number. Thus H'(<7* A*"' ilx/v) — 5kjR^^''q*'Cx ®c Oy' ■ Since tti{Y') = we 
conclude R^~^^q^,Cx is constant and hence q^fi^^y, — Oy' ®c H'^^{F,C)[—k]. Consequently 

HP (jTi3-J-,n'^x/Y'{'"l}) ® ^1*-^! ® ^2^1 - (A,g,f)^/y,{sg}) wlCi ® t:IC\ 

- OA«>c-ff^+n^,C){sg},5p,, 

where we use that Oa 'X' tti-Ci ® t^^^X — to obtain the second line. 

So E^''^ is supported on the line p — q which means that all the higher differentials vanish. Thus 

H'^iVR *P) = Oa ®c H^{F, C){sn/2}. 

Finally, 

Vl = 0)i®C'' ® 7r>y [dim(y )] 
= ujx ® jC'^ ® tt'iLOy' [r] 

^ detr^x/v'W ® -C"^ = detNx/Y[r]{-sr}®jC'' = VR[2r]{~sr} 
so that the desired expression for Pl *'P follows from that of Pr*P by Poincare duality on H* {F, C) . □ 

Before proving the invariant under the first Reidemeister move, we will establish the following 
Corollary whose proof actually relies on invariance results (pitchfork and Reidemister H) proved later 
in this section. There is no problem however, since this Corollary is not used until section 6. 

Corollary 5.5. // f3i + = m then JF^ * C/^ ^ 0/\ ®c V where 

V = i/^(P"-i) = C[-m + l]{m - 1} © • • ■ © C[m - l]{-m + 1}. 

In particular, if T is a tangle then -^{T \J 0){-) ^ -^{T){-) ®cV . 

Proof. We would like to use Lemma WM with Y — Y3, X — Xp, Y' = Fdi(/3) and s = 2. Since £i on X is 
the puUbackof on Y we have J'^^ * ^ (0^;)^ * ^^[to - f ]{-m + 1} ^ (Ox)R*Ox[m-l]{-m+\}. 

Since jSi equals 1 or m — 1 the map q : X ^ Y' is a. P'"^i bundle. In particular, the fibres 
have a cellular decomposition and since Y' is an iterated Grassmannian bundle we get tti {Y') = 
0. Furthermore, Nx/y — ^^x/v{2} by Lemma 13.51 so the hypothesis of Lemma 15.41 are satisfied. 
Unfortunately, this only tells us the cohomology of TJ^ * but not that it breaks up as a direct sum. 
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To conclude that TJj * Qj^ is formal we need the following stronger version of Lemma 15.41 It states 
that Vb. *V is formal under the additional hypothesis that Y contains a Zariski open neighbourhood 
U oi X which retracts onto X. To sec this applies to our situation move the circle past the rightmost 
strand using pitchfork and Reidemeister II moves. Then take U = Yjs with the retraction U — > Xg~^ 



given by 

(Li C • • ■ C L„-i C L„) 1-^ (ii C • ■ • C Ln-i C z"^L„_2)- 



Next we show invariance under Reidemeister move (I). 



"0 



□ 



Theorem 5.6. Assume that [3 has a string (1, 1,to — 1) or (m — l,m — 1, 1) starting in the ith slot. 
Then 

Proof. We will do the case where 13 — (. . . , 1, 1, m — 1, . . . ). The other case is similar. 

By TheoremSHwe have T^{2) = Cone(7' *rR^ OA)[-m + l]{m - 1} where P = P^, e D{Ya^(p) x 
Ya). Thus 

* T^{2) * g}+^ - conc(^;+i *v*Vr* gf^ ^ Tf^ * Qt^)\-^ + - 1}. 

Applying Lemma [5^ as in the first part of the proof of Corollarv l5.5l we see that 

for n = —TO + 1, . . . , TO — 1 and otherwise. 

On the other hand, from Lemma [46] we know Vr = Oxj ® [-1]{2}- Hence Q^Vr^ 0^+^ acts 

by 

(•) ^ <72*(*2*i*(9i*(-) ® {E^+xf^^^{-i[m - 1)}) ® £,^+i[-l]{2}) 
where the maps are depicted in the diagram below. 

Xfj » Yp < 
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Now 

W^Xj^n Xj+^ = {(i.) : zL,+i C and zL,+2 = L,}. 

is a transverse intersection inside Yp. In fact, W = Xp, where — di{(3) has a (2, to — 1) string starting 
in the ith slot. Hence 

^q{-) = ® C)[~l]{~i{m - 1) + 2} 

where the maps are depicted in the diagram below and C is some tensor of line bundles pulled back 
from Ypi and Ydi(/3') which we will subsequently ignore. 

X^p, Yp, 

'1 

Notice g is a p™^2 j^^in^le while i is an inclusion of codimension to — 2. By Lemma [3.51 we know 
NxijYpi — /di(i3'){'^}- As before, Y^.(^p,^ has trivial fundamental group so applying Lemma 15.41 
we conclude that H'^{Ql * Q) — OA{n}, for n = —2m + 4, — 2to + 6 . . . , 2, and otherwise. 
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Since 0^+^ ^ ^ J'lj^^lm - + 1} wc find that 

for n — —TO + 3, . . . , TO — 1 and otherwise. 

Let A — J'p^^ * ^(2) * Gp^^ [^JT- ^ ^ ™} a-nd consider the long exact sequence in Ti. coming from 
the distinguished triangle 

From our calculations of *'P*Vr* G^^^) and H"{Tjj^^ * Qp^^), we deduce that for each 

n = -TO + 3, . . . , TO - 1 either we have an isomorphism W'iT}/^ *V*Vr* G^^) * g'+^) 

in which case W{A) = = W'^iA) or this map is zero in which case W{A) = Oa = 
(here we are using the fact that Hom(C'A, Ca) = 0). To complete the proof of the theorem, it suffices 
to check that this second possibility never occurs (i.e. that the map above is an isomorphism for all 
n — —TO + 3,...,TO— 1). 

To do this it suffices to show that 

Cone ($^.+1 o $p o o ^g.+i{OY,^^^,,,) $^.+1 o $5.+i(Oy,^^^^,,)) = OY,^^^^,, [m - 1]{-to+ 1}. 
Now $5.+.(Oy,^^^,^,) - O^.+i ^ (f,+i)ft+H-*(™ - 1)} G D{Yp) while 
<fp o$p^ o$^,^,(0^^^^^^^^) - z,,{q;q^M{0^.^. (f,+i)ft+H-*(™- l)})^^^.>i[-l]{2})) 

- ® {£^+lf'^'-'£^hl]{^^{m - 1) + 2} 

So the map <I>-p o o (Oy^^^^^^ ) ^ (Oy^^^^^^ ) is the same as a map 

a:Ow'<» {£^+lf^^'£^£^+l[-l]{-^{m - 1) + 2} ^ O^.+i ® (f,+i)'^'+H-z(TO - 1)} 
in D{Yj3) where 

W = q^^((72(VF)) = {(L.) : zL,+i C L,^i and C zL»+2}. 

We claim a is (up to a non-zero multiple) the unique such non-zero map. To see a is non-zero notice 
that the composition 

$^,+1 o $p o cf)p„ o cf)„i+i(OY^ ,«,)^^ri+i o^r^+iiOy^ Oy^ 

is the adjunction map for o and hence is non-zero. On the other hand, W and ^^^^ in 

a divisor D = Xj+^ D Xj^ in each of them. By Corollary |i;H]Hom(Ovi/'(-D), O^.+i [1]) ^ C while the 
cone of the corresponding non-zero map Ovi/^"!] ~^ C'j^i+i(— I?) is isomorphic to O^i^j-^i+i . But, by 
Lemma 13.51 

so we find that 

Cone(a) ^ 0^,^^,+i {£,+if'+^£,£^_^^{~iim ~l) + 2} 
= ^^W'ux^+i «• £^{£^+lf'+'^H-i{m - 1) + 2}. 

It remains to show 

(5) $^.+,(0^,^^.+, ® (f,+i)ft+-i) - Oy,^^^,^, [to - !]{(» - 1)(to - 1) + 2}. 

To do this we give an explicit locally free resolution of C'vf'ux'+^- Fi^'st notice that 
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This is because if C zLi+2 then cither zLi+2 = Li (belongs to X^^^) or span(zLi+2, ii) = ii+i 
which means zLi+i C Li-i (belongs to W). The map 

z : z^^Li^i/Li Li+i/zLi+2{2} 

on vanishes precisely when C zLi-|_2- Denoting 

V = {z-'L,^i/L,y ® L,+i/zi,+2{2}. 

this map gives a section of the m — 1 dimensional vector bundle V which vanishes precisely along the 
m — 1 codimensional subscheme W' U Xp'^. This gives the Koszul resolution 

^ Ovv,ux;+i ^ ^ ^ A^V"" < ^ A™- V ^ 0. 

Consider now TZk := $^.+i(a'=V'' ® (f^+O^'+^-i). We have 

TZk = gi,(«t(A'=V^ £,{£,+ir-^)£^+2{i^ + - 1)}) 

^ qi,((it a'= z-^U^JL,) ® {U+i/zL,+2)-\-2k}£,{£,+^y-^-^£-^+^{{i + l)(m - 1)}) 
^ qi,((qr A'^ z-^U^i/Li) ® (f,+i)-^qt£,(£,+i)™-2f,+i){-2&;, - 2to + (z + l)(m - 1) - 2fc} 
K^z-^U^ilU ® £, ® ql*(£^+lT-^-^■ {{i + l)(m - 1) - 2fc - 2Vp ~ 2m} 

where to get the third line we use that 

£i+i ® £i+2 = detLi+2/Li = det z~^L J Li = 0^,^+i{26^ + 2m} 

by Lemma [2.41 Notice the restriction of (£^+1)™^^^'^ to a fibre of qi is Opm-i(— m + 1 + k) whose 
cohomology vanishes for fc = 0, 1, . . . , to — 2. 

Hence, TZk = unless fc — to — 1 in which case we get 

n.m-i ^ A"'-\z-^L,^i/L,) (g)£,(E) gi,0^.+i{(i + 1)(to - 1) - 26^ - 4m + 2}. 
Now qi^O^i+i ^ Oy^^^^^j,^ and 

A"-i(z-iL,;_i/L,) ^ det(z-iL,_i/LO = £^ {2b'^-^ + 2m} 

by Lemma [2^ Hence 

which establishes [5] and so we are done. 

To show Jf'^+^*r^*(l)*5^+^ = Oa we just take the left adjoints of both sides of *r^*(2) * 0^+^ = 
Oa and use Lemma together with the fact 7g(2)^ = '-' 

5.3. Invariance Under Reidemeister Moves (II). In this section we will prove the following result. 
Theorem 5.7. The map 5* is invariant under Reidemeister II moves, i.e. 

T^(l)oT:^(^)(2)-/d-T^(2)oT;^(^)(l) 
By Lemma [4.41 it is enough to show that T'fj{2) is an equivalence. There are two cases to consider. 
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5.3.1. Crossing like strands. Assume f3i — Pi+i- 

In Theorem 14.51 we prove that T^(2) is isomorphic to the twist (up to a shift) in the functor $pi . 
This aUows us to make us of the machinery of spherical functors. 

Let k = dim(X) — dim(y) and suppose Vr = 'PL[k]{l} for some /. Suppose that the sequence of 
adjoint maps 

inside D{X x X) forms a distinguished triangle. Finally, assume that 



RouiiP, P[i]{j}) 



C if i = and j = 

if i = fc, A: + 1 and j — I 



If P G D{X X Y) satisfies all these conditions, then $p is called a spherical functor and ^r-p '■ 
D{Y) D{Y) is a spherical twist. We care about spherical functors because of the following result 
which is originally due to Horja [Ho| and Rouquier Roj. 

Theorem 5.8. A spherical twist induces an equivalence of derived categories. 

Froo/. See Theorem 3.4 of [CK]- □ 
Hence in order to prove that T^(2) is an equivalence, we just need to prove the following statement. 
Lemma 5.9. : D{Y^.(jj-f) D{Yi3) is a spherical functor. 

Proof. By Lemma lTBl we know Vp^^ — 'Pl3j^[k]{l} where k = dim(y^.(^')) — dim(y^) = —2 and 1 = 2. It is 
also easy to check that Hom(P^, P^) = Hom(0^. ,Ox^) = C and Hom(7'^, Vij[k]{l} = Hom(P* , P^[fc+ 
= since fc + 1 < 0. 

It remains to show that the standard sequence of adjunctions Oa ^Pr *'^h ^ Ca[— 2]{2} is a 
distinguished triangle. To see this note that 

n n 

= W"('ri3*(7rr2(OxP ® ^UOx^^^) ® ® (f-)^)) 

n 

^ 0W"(^x,^^*Ox.) 

n 

^ 0a©Oa[-2]{2} 

where the last equality follows from Lemma 15.41 where the fibre F is a . Thus there exists a dis- 
tinguished triangle Oa ~^ T^pj^* "P/s ^ Ca[— 2]{2}. To see the maps in this triangle are the same as 
those in the sequence above it sufRces to notice that all these maps are non-zero (since in the original 
sequence they were adjunction maps) and 

Hom(OA, * P^) - Hom(7'^, F^) =^ C 

Hom(7'^^ * V},, Oa["2]{2}) = Hom(P^^ * V},, Oa) = Hom(7'^,7'^) ^ C 
because = F^^[-2]{2} (Lemma EH). □ 
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5.3.2. Crossing unlike strands. The second case is (3i ^ Pi+i- 

It is enough to show that the kernel O^i induces an equivalence. For simplicity, let Y = Yp, 
Y' = Ys.(^fj) and 'P := O^j £ D{Y x Y'). We use a technique introduced in |BKR| . Consider the loci 

Nk = {ipi,p2)eY xY\A: Ext^, ($p(OpJ, ^ 0} cYxY. 

These loci are of interest because 

Ext^,(<i>p(OpJ,$p(OpJ) - Ext^($7>,*p(OpJ,Op,) 

^ Ext^xy(7'L *7',ip,,OpJ 
= Ext^xy(7'L*7',0(p,^p,)) 
- Ext(p^ p^^T'l *7',e'(pi,p2)) 

where «pj : 1" — > 1" x y is the inclusion p i~> {pi,p) and *(pi,p2) inclusion of a point p > {pi,p2) 6 

y X y. So these Nk measure the support of Vl * P off the diagonal. 

Theorem 5.10. Vl *V is supported on the diagonal A C Y x Y . 

Proof. It suffices to show that Nk is empty for all k. 

Suppose Nk is non-empty and let C be a component of supp(7'L * V). The above calculation 
implies C is a component of Nk for some k. Consider a small open neighbourhood of a general 
point of C. Given E G D{W) it follows from the Intersection Theorem (see [BKRj section 5) that 
codim(supp(i?)) < n where n (called the torsion amplitude Tor-amp(i?) in |Lo| l is the length of the 
smallest interval in Z containing the set 

{j eZ:3weW such that HHl{E) ^ 0}. 

But by Lemma [5.11 1 below codimvy (A'^fc) > dim(y) + 1 so we get Tor-ampy^ (A'^^) > dim(y) + 1. On the 
other hand, by Proposition [SH below we know -ff"(i(p^ ^^^Pl *'P) ^ Ext^, ($-p(e>pJ, $-p(C'pJ) if 
n < or n > dim(y). This implies Tor-amp^;j^(A'^fc) < dim(y) (contradiction). □ 

Lemma 5.11. codim{Nk) > dim{Y) + 1. 

Proof. Let N = {(pi,P2) £ F x F \ A : supp($p)(Op J n supp($p)(e'pj ^ 0} cYxY. Since Nk C N 
it is enough to show codim(Af) > dim(y) + 1. 

If (ii 7^ j3i+i £ {1, m — 1} the map tti : ^ Yg is one-to-one away from C I/3 = F and P'"^i : l 
over Xp. If p = (Li, . . . ,_L„) ^ X^ then supp($p)(C'p) is a point while \i p ^ Xp then $p(C'p) is 
supported on a p™^i. In both cases the support parametrizes all possible Lj_i C L'^ C ii+i such that 
zLi+i C L[ and zL[ C ii-i where dim(L^/Li_i) ~ A+i. 

Suppose pi — (Li, . . . , Ln) and p2 = [Mi, . . . , Af„) where pi 7^ ^2- From the description above it 
is clear supp(<i>-p)(C'pi ) n supp(<I>-p)(C'p2 ) = unless Lj = Mj for j ^ i and pi,P2 £ The natural 
projection map tti : N Y maps onto X^ with fibre P™^i corresponding to the Gr{/3i, Li^i/ Li-i) 
locus of possible Li-i C Af^ C ii+i. Thus dim(iV) < dim(X^) + m — 1 = dim(y) — 1 and so 
codim(7V) > dim(y) + 1. □ 

Proposition 5.12. Ext^, ($-p(Op J, <E>-p(C'pJ) = if n < or n > dim(Y). 

Proof. Suppose /3i = 1 and /3i+i — m — I. Let pi = (Li, . . . , L„) and p2 = (Afi, . . . , M„). As noted in 
the proof of Lemma [5. Ill the supports of $p(Opj) and ^^(Opj) are disjoint unless Lj = Mj for j i 
so from now on assume this is the case. If pi ^ X^ then pi = p2 — p and $p(Cp) is the structure sheaf 



KNOT HOMOLOGY VIA DERIVED CATEGORIES OF COHERENT SHEAVES II, sl{m) CASE 



29 



a point so there are no negatives exts (and similarly if p2 ^ XJ^). We need to study what happens if 
Pi,P2 e X*. 

So supposep — {Li, . . . , Ln) 6 Denote by tti and 1:2 the standard projections from Z^ioY = Yp 
and Y' = Yg.(^py We need to compute ^^(C'p) = 7r2*7rJC'p. In Lemma 15771 we saw that embeds in 
TT : Gr^ := Gr{f3i+i,Li+i/ Li^i) — » Y . If we denote this embedding by j then ttJ'C'j, = j*TT*Op. Notice 
that 7r*Op is the structure sheaf of the Tr-fibre over p which is contained in j{Z'p) because p G X^. This 
means that n-^{j*Ti*Oj,) - hHNzi/Gr^^\.-^(p)Y ■ 

On the other hand, as we saw in Lemma [3.71 Z^^ C W = Gr{P'^ , Li^i/ Li_i) is carved out by a 
section of the vector bundle V := ® Li/ Li_i{2}. Thus the normal bundle A^^i^/g.^;^ 

is isomorphic to V\^-i(^py Now, on 7r~^(p) = p™-i^ Li/Li-i restricts to the trivial line bundle while 
L'i/Li^i restricts to f2p„_i(l). Hence, 

Now j*TT*Op is supported on a p™^i which is mapped one-to-one by tt2 onto the fibre of q : -'fs.(^) ^ 
Fd.(^) over the point (Li, . . . , ■ • • , ^^n)- If we denote by / : P^-i —^y'= Kji(,3) the 

inclusion of this fibre into Y' then 

H-\<Pv{Op)) ^H-\n2.7:lOp) 9^H-''{n2*fn*Op) ^ Un^„.-^ik){-2k}. 

If we havepi,p2 e as above then ^"''(^^(C'p J) = ?^-'''($p(CpJ) ^ /,r2^„_i (fc){-2fc}. There 
exists a spectral sequence 

ijP^-^ = 0Ext?.,(W''($p(0pJ),?i'^+9($p(OpJ)) =^ Ext?+'^($p(OpJ,<I>p(0pJ). 

So to prove Exty, ($^(0^ J, ^^(CpJ) = for n < it suffices to show that 

Ext^,(H-^(<i>i.(OpJ),W-^(<i>p(OpJ)) -Ext^(/,f]^p„„,(j){-2j},/*r!j.™-i(z){-2z}) = 
for —i+j + k<0. 

Now Ex4,{fM'p^_,{j){-2j}J,n^^_,{t)) = Ex4„.-^{f*^%^_,{j),n^,„_,{^)). In order to show 
the vanishing of this Ext, note that 7i^'(/*/,r2p„,_i (j)) ^ fip„_i(j) ® N^^^ryi-iyy' hence from 
the spectral sequence 

= Ext?„_,(7^-''(r/*f^;™-i(j)),f^p™-i(»)) =^ Ext''+''(/7,r!^,„_,(j),r!^,„_,(i)) 

it suffices to show that Extp„_i (fip„_i (j) ® A'^A^^^p^^i^^y,, r2p„_i(i)) ~Qiovp + q<i— j. 
To identify A^j(pm-i)/y/ consider the exact sequence 

Since /(P™-i) is a fibre of q : Xl^^^■^ F^^^) we have Njij^-iy^i = Opili for some N ^ 1. 



Meanwhile, from Lemma 13.51 

-^x^.^^j/v'l/(P'"-i) = {{Lt+i/LiY ® Li/L^^l{2})\f^r,^-l) 

^/,(Op,.-i(l)^0l)i_i(l){2})-/,(f2i„_O{2}). 
Thus we get the exact sequence 0®^_i Nf(pm-iyY' ~^ ^pm-i{2} 0. 

Since Extp,„-i(r2p„_i, Opiri-i) — this sequence splits and we obtain iVy(pm-i)/y/ = C'®ili0r2p„_i{2}. 

Subsequently we are left with showing Ext^„_i (j) (g) A'?(0®i^_i © rjj.„_i(i)) = 

whenever p + q < i — j . It is easy to see this is the same as showing 

Extj:„_i(f7^„_i(j),f7j.„-i(i) ® rj^„_i) = for i - j >p + g 
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which is proved in corollarv l5.15l 

Vanishing for n > dim(y) follows by Serre duality. More precisely, from above we know the normal 
bundle Nf(jf^-i)/Y- is ^Ir^-i © 0®^_^{2]. Since $p(OpJ and ^viOp^,) are supported on /(P™-i) it 
is enough to consider the formal neighbourhood of /(P™~^) in order to compute ext's between them. 
Since the total space r2p„,_i has trivial canonical bundle so does the formal neighbourhood of /(P'"^^). 
Thus 

Ext^($p(OpJ,$p(Op,)) Ext^°^(^')-"($p(OpJ,<I)p(OpJ) = 
if dim(y') - n < 0. □ 

It remains to establish CoroUarv 15.151 which was used in the above proof. This will be a somewhat 
length computation. 

Lemma 5.13. We have: 

• H''{ni.^_,{l)) = /or 1 < fc < m - 2 unless = (fc,0) 

• = ifi<m-l + l 

Proof. As pointed out by the referee, this follows from Bott's formula (e.g. [OSSj . page 8). □ 

Corollary 5.14. For 1 < fc < m — 2 we have Ext''(rip,„_i, r2p„_i(Z)) — if any of the following three 
conditions hold 

• I + k + j - i ^ 0,-1 

• l + k + j — i — and either k > i or I > 

• I + k + j — i = —I and either m — I > k + j or I < —m. 

Also 

• Ext°(17^,„_i,f]j»„_i(/)) ^Qifl+j<iy^O 

• Ext''"^\f7;„_i,17j.,„_i(0) = if-l-m + i<jy^O 

Proof. Applying Hom{-, to ^ il-' 0{—j)®^i ) fl^^^ ^ we get the long exact sequence 

>Eiit''{n\i + j)f('7) ^Ejit''{n\n\i)) ^Ext''+\n^-\n\i)) ^Ejit''+\n'\i + j)f^^^ ^ ... 

We deal with the case 1 < fc < m — 2 first. From the sequence above we get an injection 
Ext''{n^,n'{l)) Ext''+^{ni-^,n'{l)) a Ext''{n'{l + j)) ^ O. By Lemma EH Ext''{n'{l + j)) = 
unless {k,l+j) = (i,0). lil + k+j — i < (or l + k+j — i = and either k > i ot l > 0) these conditions 
are satisfied. We can repeat and it is easy to check that at each step the condition for vanishing from 
15. 131 is satisfied so we get a series of injections whose composition is the injective map 

Ext'=(f]^ff (0) Ext"-\f7^'+'=-"+\ff(/)). 

Finally there is a surjection from a direct sum of H"^^'^{Q^ {l+k+j -m+1)) onto Ext'""^(fi''+-'^™+\ il'(Z)). 
By Lemma [5. 131 H™^~^{U^{1 + k + j — m + 1)) vanishes if l + k+ j — i>0 and we are done. The case 
l+k+j-i < follows from the Serre duality isomorphism Ext'' (f7^ r2*(0) = Ext"'-^-''{n\n^-l-m)). 

Next we deal with fc = 0. As above we have an injection Ext" (fl^ , fl^ (l)) Ext^(f2^"\ r2'(0) if 
H"{n^{l + j)) = 0. If / + .7 < i we have H"{n^{l + j)) = bv lST^ From above Ext\W-\n''{l)) = 
if I + j — i < — 1 or / + J — i = —1 and m — 1 > j . The condition m — 1 > j is vacuous unless j = m — 1 
in which case Ext° (ft^ , ft' (l)) ^ H°{n'{l + m)) = H°{n'{i)) = if i ^ 0. 

The result for fc = to — 1 follows by Serre duality. □ 

Corollary 5.15. Ext«(17^„_i , (i - j)) = ifi-j>P + q. 
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Proof. Applying Hom(f7^ ■) to ® nP{l) ® nP{l) fl'-^ ® nP{l) ^ we get the 

long exact sequence 

>Ext«(f}^i7P(?-i-i))®('Ti) -^Ext\n\n' ®np{i)) ^ 

^ Ext'^+\n^,n'+^ ® np{i)) ^ Ext'^+^ {n',np{i - i - -> ... 

For < g < to- 2 then we get an injection Exf {n^ , il' (g) ^p {i - j)) Ext''+\n^ , (g) ilP {i ~ j)) 
if Ext^n^, nP{~.j - 1)) = 0. Notice {-.j - 1) + j + q - p ^ q - p - 1. Uq> p then by corollary EIIl 
we have Ext*(r2-' , ^P{—j — 1)) = 0. Now we can repeat to get a series of injections whose composition 
is an injective map 

Ext'^{n^,n' ®np{i^ j)) Ext'^-^n^ g)np{i - j)). 

Since i — j > p + q we find i + m— 1 — qym— 1 so = and we are done. The same 

argument works if q < p. 

If g = p > then {-j - 1) + j + g - p = -1 so by corollary [5Tl Ext"^ {fl^ , flP {- j - 1)) = because 
m — l>i>q + j. Repeating this a times we get the map 

Ext«+"(f]^ 1]''+" np{i ~ j)) -> Ext'^+''+\n^,n'+''+^ g) np{i - j)) 

which is injective if Ext''+°'{n^ ,nP{-j - a - 1)) = 0. By [5T4l this vanishes if to - 1 > (q + a) + j. 
In particular, we get injections for 0<a<m — i — 1 since q + {m — j — 1) + j < to — 1. Thus 
Ext'' {^i ,^P{-j - 1)) injects into Ext'?+™"*(17^ 17" ® VLP{i - j)) which is zero since fl" = 0. Finally, 
the case p — q^Q follows directly from 15.141 □ 

Returning to our goal of showing that ^-p is an equivalence, we will now prove the following. 

Proposition 5.16. Vl*V = Oa 

Proof. Next we consider the adjoint map a : Vl *'P ^ Oa £ D{Y x Y) and let K — Cone(Q!). We 
will show K = 0. To do this let's play a little with the fibre product diagram: 

Y YxY 



Y 



where ip : p —>■ Y is the inclusion of an arbitrary point. We know 

TT2*{rL * V) = 7r2,((PL * V) ® TtIOy) = <i>V^.v{OY) = o = <^>Vl{Oy') = Oy . 

Here we used that ^■p{Oy) — TT2*Ozi^ — Oy,.,,,) from Lemma [37fl Similarly 

<^vl{Oy') = ^2*{Vl) = 7r2,(0^. ® ^luoY'[diin{Y')]) ^ 7r2,(wz^ ® ^*2^y) - Oy 

where the last isomorphism also follows from Lemma 13.71 
Since 

T^2*{Vl*V) = o $p(Oy) ^ $0^(Cv) = T12*{Oa) 

is an adjunction map it follows that it is non-zero. But Homy(Oy, Oy) = C so 7r2*(a) is an isomorphism 
and hence ■K2*{K) — 0. 

Since 1:2 is smooth we have 7r*i*^y-(i4r) = i*7r2*(if) = 0. On the other hand, K is supported on the 
diagonal so is supported on the point p. Since 7r*j*xY = this means j*xy(-fi') = 0. This 

is true for any p so K has empty support. Consequently K — Q and we have shown Vl *'P = Oa- O 

Finally, we are ready for the main result of this section. 
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Theorem 5.17. $0 : D{Yr) D{Yg.ia)) is an equivalence when (3i ^ /3i+i. 

Proof. Since 'Pl*'P — Ca it follows $p is fully faithful. It remains to show that V<E)ttIujy = V^7T2UJy' ■ 
By Lemma 13.61 we have 

P (g) nliUY = Oz^^ TT* det(L„/Lo)"{-2m6;^ - 2 ^ fe^^^*} 
- O^. ® TT* det(L„/Lo)™{-2m5^, - 2 ^ 6^7 V.'} 

where to obtain the shift in the second equality we used that bif^(3^+b},(3^+i = by\f3,+f3,+l)+(3,(3^+l = 
by PI + b^,(3l^, where (3' = □ 

Remark 5.18. In the simplest situation, the two projections from Yi^rn-2,1 to Fi,m-i and Ym-1,1 
describe a Mukai flop. The fact that O^i ^ induces an equivalence D{Yi^,n~i) ^ D(Ym-i^i) was 
proven by Kawamata in |Kaw| and Namikawa in |Na| . More generally, if /? contains a string (1, to — 1) 
starting in the ith position then projections from (the diagonal-like first component of Z^) to 
and Yg.^p'f describe a birational surgery given as a family of Mukai flops. Though stated a little 
differently, Namikawa in ,Na , considers such a family of Mukai flops and proves that induces an 
equivalence of derived categories. 

In [Na' Namikawa first proves the simplest situation using spanning classes and then builds up from 
there to the more general case. In this paper we do not consider spanning classes and prove the general 
case in one step (our method does not differentiate between a Mukai flop and a family of Mukai flops) . 
Our approach is more in the spirit of [BO^ and [BKRj . 

5.4. Invariance Under Reidemeister Moves (III). 

Theorem 5.19. The map 'J is invariant under Reidemeister III moves, i.e. 

T;.+.(.(/5))(^i) ° T::i)(^2) ° T^(/3) = Tl-^Um)^^^^ ° T:>..(^)(^2) o V;\h) 
We will prove this invariance in the case that all crossing are of type 1 and Pi = Pi+i — Pi+2 = 1: 

(6) t;,(i) o v+\i) o T^(i) = T+\i) o t;,(i) o vy{i) 

The rest of the RIII cases follows from this case by use of RO, RI and RII. 
In order to prove ([H]), we will compute both sides explicitly.. 

In this section we will suppress all subscripts /3 since /3 will not change at all. In particular, let 

This r is related to the real rj(l) by T' = Tj[-m + l]{m. - 1}. 

Since Z"^ has two components A and which meet at a divisor in each of them, we have exact 
sequence 

which leads to 

(7) = Cone(C'A[-l] ->Z^')- 

(The attentive reader will note that this is the dual of the isomorphism obtained in the proof of Theorem 
[43)) . 

Consider the set-theoretic convolution 

._ ^ ^ ^^ ^ {(L., L'.) I = for J^i,i+ 1}. 
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Figure 4. The components of 



We will prove the following result which easily implies ([6]). 
Theorem 5.20. * T*+i * = O^h+u T^+i * * T^+i 



Khovanov-Thomas |KTI have given a braid group action on the cotangent bundle of the flag variety. 
The overall geometry of our situation is different, however, the geometry which arises when trying to 
prove the braid relation (Theorem 15. 20p is quite similar. This allows us to make use of the method of 
proof from Theorem 4.5 of IKTj. Following their method we will compute T* * 7"'+! h< T* explicitly, 
repeatedly using equation ([7]). 

The variety has 6 components which are shown in Figure ID 

The first component is the "shield" 

1/"+!^ :={(L.,L:):zL,+2CL,_i}. 
There is a corresponding sheaf 

The next two components are called the "left-pointing ladder" and the "right-pointing ladder" 
respectively. 

= {(L., Ll) : L, C L\^^,zL\^^ C zL,+2 C LJ 



V 



— {(L», L\) : L'i C Li+i, zLj+i C Li_i, zLi^2 C L'i} 



The other three components are , the lower diamond, the upper diamond, and A the vertical 
line. 

It is convenient to combine the last 4 components together as 

^i+li ^ yi+U yjyiyj y ^ 

Proposition 5.21. W = U"+^' ®W{-2} 

Proof. Since 7i'i2^(y^^) and 7r23^(y) intersect transversally in the section 

W = {(L., L'., L'.') : = L',, L',+i = UU.zL,+2 C L„ zL^+i C L.-i} 
over we have 

W * ^ TTi3*{Ow <E> £:t+2 ® £n = Ov^^+i ® ® f,^+2- 

Next we see that 
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Figure 5. The varieties A,B,E. 
where the union AiJ B is the "peace variety" . Here 

which maps to the shield and 

B = {(i., i',, i',') : zLi+2 C ii+i = i'i+i = ^^i+i ^ ij-i} 



which maps to the lower diamond V^. Let £' = Af) B. The map ttis fails to be 1-1 exactly over E, 
where it is to 1. In particular 

E = {{L,, L',,L'^) : zLi+2 C L^+i = L-^^ = L'^+i}- 

See Figure [S] for incidence diagrams which describe the varieties A, B, E. 

We claim that A is a blowup with exceptional divisor E. To see this note that 7ri3(£^) is cut out of 
7ri3(A) = \)y a section s of the rank 2 vector bundle V = Hom(Li+i/Li_i, Li+2/Lj_|_]^) (since it 

is given by the condition Li+i = i'i+i)- Hence we see that the blowup of along 7ri3(£') is the 

locus 



BL 



^^ME){V'''^'') = {iL„L:,M) e V"+'' X P(V) : s{L,,L:) e M}. 
Given a point {L,,L'l, M), we may define L'^ — {v G : m{v) — for m G M}. This gives us a 

map _B^7ri3(£;)(^"^^*) A which is easily seen to be an isomorphism. Under this map, the exceptional 
divisor of the blowup is carried to E and the blowup map is the restriction of ttis to A. 
In a similar fashion, we also see that B is the blowup of 7ri3(_B) = along 7ri3(i?). 
Returning to our computation, we have the short exact sequence 

^ Oa{-E) ® Ob{-E) ^ Oaub ^Oe^Q 

which leads to the exact triangle 

^ T^lZ^OAyjB^iS'i £i+2^i+l ''^l3*OE£i£i £i+2^i+l 

We now claim that E£i£i £^+2^^+i = 0- To see this note that this line bundle is 0{—l) on the 

fibres of 7ri3|^. Since this pushforward is 0, we conclude that 

W *W - ^^^,Oa{-E)£[£':£^+2£^+^®^i^*Ob{-E)£1£':£^^^£^+, 

On the other hand, E is cut out of A by a section of the line bundle Hom(L"_^j^/L^, L,;+2/ii+i)- 
Hence Oa{-E) - {L'l^J L[)£^+^. Thus 

Oa{-E)£1£'-£]I^2^]I^i - OA£'i{Li+i/L'i)£i{£ij^2f^i+i - O A£i'^ £i+i^i+i{^i+2?' ^ 
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where in the last step we used the "diamond identity" on Li-i, L[, L'/ , L['_f^i. This hnc bundle is 
pulled back from the base, so we can apply push-pull. Since Triajyi is a blowup map, we see that 
7''13*Ca — Oyii+ii and so we conclude that 

where the second isomorphism follows from the fact that £i£i+i£i+2 — dct(Li+2/-^i-i) — 
on 

Now, we compute the other summand. First, note that E is cut out of _B by a section of the line 
bundle Hom(L,+2/L,+i,L7L,_i){2}. Hence Ob{-E) ^ £,+2£'^ {-2}. Thus, 

7i'i3*C's(--B)f ■£■'£,^2^1+1 - '^i'i*OB£i£i+i{-'2.} = Ovi£l£i+i{-'2}, 

where again we have used that _B is a blowup to conclude that tti^^Ob = Oyi. 
Combining everything, we conclude that 



W * * W ^ U"+^' © W{-2} 



□ 



Before calculating W * T^+'^ * we will need some preliminary lemmas. 
First, consider the diagram 

where pi and p2 are the two projections (see Proposition I5.2ip and where / comes from the map 

Lemma 5.22. Using the notation above we have Pi ° f ^ and J32 o / 7^ 0. 
Proof. Consider 

W *U'+'^*T' ^ Goive{W *U'+'^[-l] ^U' *U'+^ *U'). 

Now TT^2{^^) ^-iid "'23^ (^"^^) nieet in the complete intersection AU B UW which is in the right codi- 
mension (see the notation used in the proof of [5.2ip . Hence the left hand side is ttis, oi OAuBuw£i £i+2- 
The right hand map is ttis, of Ow£i£i+2[~^] ~^ ^AuB£i £i+2^i^i+i- Since the cone of this map is 
OAuBuw£i' £j^+2 the map is non-zero when restricted to A \ E and B \ E. Since ttis maps A \ E and 
B \ E one-to-one the pushforwards of these restricted maps are also non-zero. But these pushforwards 
are precisely pi o f and P2 o f restricted to ^"+1' \ 7ri3(i5) and V \ 7ri3(i?) respectively. □ 



Lemma 5.23. Rom'' {U\U"+^^) = 



z/ fc = 0, 1 
C i/ fc = 2 



Proof. Note that Rom'' (U\W'+'^') = }iom''{Ov^,Ov^^+l^£^£^+l{£:^+2?) since U"+^' is also isomorphic 

to Ovi-+i'£'i^£i+i£i+i{£i+2 f- 

Now, and intersect in a smooth subvariety of codimension 2 in This subvariety is 

defined by the vanishing of a section of the vector bundle V — llom{L[^i/ Li^i, Li+2/ Li+i) . Hence 
det(V'^) = £^£l^^{£^_^2)^ and the result follows by CoroUarygH □ 

Lemma 5.24. W ^ W[l]{-2} (S W[-l] 
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Proof. From the calculation in the proof of Theorem 14.51 we see that * ^ 1]{2}. Hence 

From the proof of Lemma [5T9l we have that Vj;^ = Oa © Ca [^2] {2} and the result follows. □ 
We also need the following lemma which Bar-Natan [BN calls "Gaussian elimination" . 



Lemma 5.25. Let X, Y, Z, W be four objects in a triangulated category. Let f = 



A B 
C D 



Z (BW be a morphism. If D is an isomorphism, then Conc(/) ^ Cone(yl — BD : X ^ Z). 



Proof. This is essentially Lemma 4.2 from |BN| . but we include a proof for completeness. They key 
is the following commutative diagram. The two vertical maps are isomorphisms and consequently the 
two horizontal cones must be isomorphic. 



X®Y 
1 0\ 
D-^C ij- 

X®Y 



A B 
C D 



A-BD-^C 



Z(BW 

'l -BD-^ 
,0 1 

z®w 







D 



□ 



■u 



where the map is non-zero. 



Now we compute the next stage. 
Proposition 5.26. W * T^+i = Cone(W'[-2] 
Proof. By equation ([7]), we have 

W * * W ^ Cone(W' * U'[-l] 

However, by Lemma [5.241 we have that 

and by Proposition l5.21[ we have 

U' * * W ^ U"+^' © U'{-2}. 

Denote by ^ themapW[-2]m'{-2} ^ U''+^'®U'{-2} above. Smceilom{W{-2},W'+^') = 

we get i? = so by Lemma [5.251 it suffices to show that D is invertible and Aj^O. 

We first show that A ^ 0. Consider the following commutative diagram equipped with the natural 
adjunction morphisms: 

h 



W[-2\ 



f 



By Lemma r5.22l the map h :— pi o f is non-zero. Now Cone(^) = W ^ T^"^^[— 1] which is isomorphic to 
Oyi\jyii+i up to twisting by a line bundle. This means g is non-zero. 



KNOT HOMOLOGY VIA DERIVED CATEGORIES OF COHERENT SHEAVES II, sl{m) CASE 37 

Now, as we saw in the proof of [QTI W * U'+^ ^ 5-£j^2- Meanwhile, n V'''+^ is 

cut out of ^"+1* by a section of the Une bundle Hom(Li/Li_i, i^_|_2/ii_|_i), since we are imposing the 
condition that Li C L'^^^. Hence using Corollary 14.81 we get 

Hom(W' *U'+^[-l],U"^^l = Hom(C'v^..+i[-l],C'y..+i.£,£:;+2'') = C. 

Thus h is the unique non-zero map. 

Similarly, fl V'"+^ inside is cut out by a section of Hom(Li-|_i/Li, L^^jZ-^i+i) ^iid so 

Hom(W*[-l],W* = Hom(C'y.[-l],Oy..+i£,+i£,'+2'') = C 

and thus g is the unique non-zero map. 

Taking S" = V\ S' ^ V"+^ and S = V''+^' we have the situation from Lemma EM The 
commutativity of the diagram there implies that the composition hog is non-zero. This means 
A = pi o g' o f = pi o f o g = h o g is non-zero. 

Next we show that D is invertible. This time consider the following commutative diagram equipped 
with the natural adjunction morphisms and the inclusion i: 

W[-l]{-2} — ^ W*W[~2] ^' ) W *W+^ ^Wl-'l] 

a 

W[-l]{-2} . W+^*W{-2} 

First we claim that a' ^ 0. As above, this is because Cone(a') = T*+^ * U^{—2} is isomorphic to 
Oyitjyi+ii up to twisting by some line bundle. 

Next we claim that a o i is a non-zero multiple of the identity. This is because we have the diagram 

V * Vii{-4} * V * [V'n * V) * V}i{-A} ^P'*V}i* {V * P]j){-4} > V * V'ji{-A} 

W[-l]{-2} — ^ W*W[~2] — ^ W[-l]{-2} 

where, as in the proof of 15.241 = Ox* ® £i- The top row is a composition of the adjoint maps 
indicated by the parentheses. The left square commutes (up to non-zero scalar) because the only non- 
zero map from W[-l]{~2} to W *W[-2] = U'-[-l]{-2} is the inclusion map i into the first 
factor. The right square commutes by definition. 

The composition along the top row is the identity because the composition of adjoint maps 

n - (n * -p') * n, - n * CP' * n) ^ n 

is the identity. This can be seen as in the proof of Theorem 3.4 from [CK| to follow from the general 
theory of adjoint functors (one can view 7-"** and P}^* as adjoint functors). Consequently, a o z 
and since Hom(W,Z//*) = C it must be the identity (up to non-zero scalar). 

All this means that a'oaoi = a' ^ and hence g'oi ^ 0. Finally, since Hom(W[— 1]{— 2},Z^*'+^'[— 1]) = 
0, we find that D = P2°g'°i 7^ and hence D must be invertible (since the only non-zero endomorphism 
of W is the identity). 

□ 

Proposition 5.27. *T'+^ * ^ Ov'.^+i^uV"+^ £'1^1+2 
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Proof. Let's study the following commutative diagram where every row is a distinguished triangle: 



The top row of vertical maps are adjunction maps. The maps p and pi are projection maps while cf) is 
an isomorphism. We know from the proof of Proposition 15.261 that the two lower rectangles commute. 
We wish to compute W * T'"*"^ * = Cone(TO) = Cone((/) o m). 

The composition pi o / is non-zero by Lemma 15.221 The composition p o (3 can be seen to be the 
identity from the following commutative diagram 

V * Pi [-3] > V *Vl* {V * Pi) [-3] ^ P* * {VI * P') * ri)[-3] * V * Pi [-3] 



where we use that ^ V * Pl[—1]- The reason the right rectangle commutes is that there is a 
unique non-zero map from * W[— 1] = U^[—2] © W{—2} to U^[~2], namely the projection p. The 
composition in the upper row is the identity because the following natural composition of adjoint maps 
is the identity 

n ^ n * * VI) - {VI * V') * VI ^ vi 

Thus p o [3 ^ Q which means it must be the identity. Subsequently we end up with the following 
commutative diagram 

W[-2] > W*W+^[-l] > W*T'+^[-l] 



pop 



W[-2] 



pi°f 



4>ora 



Since p o f3 = id, direct appeal to the octahedron axiom of triangulated categories implies that 
Cone(0 o to) = Cone(pi o /). Thus 

(8) W * T'+i * r ^ Cone(pi o / : ^ W"+^'). 

As we saw in the proof of in the proof of Proposition 15.261 := pi o / is the unique non-zero map. 
On the other hand, there is a distinguished triangle 

(9) Oy..+ihl] Oy..+i.(-y"+l) -> Ov..+iuV.. + i.. 

Since V''+^ n V"+^' inside is cut out by a section of the hne bundle Hom{L,/ L,_i, L[^^/ L[^^) 

we get 

Hence tensoring the distinguished triangle ^ with the £i£ij^2 gives 



Comparing this triangle with ^ gives W * T'+^ * T' = Oyi.+iuy.i+i.^j'^i 

We are now ready for the final step. 
Proposition 5.28. T' * T'+i * T' = Oz-.+i. 



V 



□ 
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Proof. Using the fact that the first T* is a twist, we have that 

r * * r = cone(r*+i * r[-i] w * * r) 

Note that this map is non-zero since it is the resuh of applying the invertible functor *T*+^ * T' to the 
nonzero map ©Ai— 1] — > ■ 

It is easy to see that T'"*"^ * = O^i+ii. Combining this with the last proposition we see that 

(10) r * * r = Cone(02.+i.[-l] ^ Ov^^+i^uv^^+i£[£^+2) 

Now, note that n U is cut out of u V"+^) by the condition that 

L[ C Li^i and hence by a section of the line bundle Hom(L';/ii_i, Li+2/ij:+i)- Thus we see that 
Oyii+iiyyii+i (— Z*"*"^') — Ov"+iiuV"+^^i^i+2- F^'oui this we get the exact triangle 

(11) Oy.>+l.£^£^2 -> + ^ O^. + l. 

By Corollary 14. 81 Honi(C'2i+i [—1], Oyii+iiuyii+if ^'£^^2) o^e dimensional and hence the result follows 
by comparing (fTO|) and (jlip . □ 

Replacing i + 1 by i — 1 in all the calculations above yields T' * x^-i >i= 7"' ^ O^ii-ii where 

{(L., Ll) : = for j / i - 1}. 

Thus 



proving Theorem 15.201 

5.5. Invariance Under Vertical Isotopies Prom Figure [3j The invariance under vertical isotopies 
follows very similarly as in |CK| . Hence we only include one proof in this paper. 

Proposition 5.29. We have invariance under cap-cap isotopies, i.e. 

(12) g;+'=og:,^^^(,) = g;,og:+^^ 

Proof. Let /?' = rfi(rfi+fc(/3)) = di^k-2{di{P)). So we are considering the equality of two functors from 
D{Y^) to DiYp). 

The kernel of G^^'' o G^^^^^ is given by 
We have 

= ® {S'y^^^{~{m - l)(z - 1)} and = O^.,. (f^'^'+'^+H-l™ - 1)(* + fc - 1)}. 

Let = 71^2 i^d (3) ') ^ ""23^ ("^fl^'')- This intersection is transverse and so we have 



A routine computation shows that 

W = {{L.,L[, L'!) e Yp, X Yd,(p) X Yp : L, = L'^ for j < i - 1, L, = zL'^^^ for J > « " 1, 

L'j = L'^ for j <i + k~l, L'^ = zL'^^^ ior j > i + k - 1}. 
Hence on W there is an isomorphism of line bundles 
(13) £l^£^ 
The fibres of ttis restricted to W are points and 

7ri3(W^) = {{L.,L'.) e Yf3> X Ya : Lj = L'^ for j <i-l, Lj = zL'j^^ for i - 1 < j < i + fc - 1, 

Lj = z'^Ljj^^ for j > i + k — 1}. 
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Hence 

(14) ^iU<2{Ql^,ip)) ® ^23(e^+')) = (^^,3(1^) ® i^'i)^'^' ® (5,Vfe)ft+''+H-(m - 1)(2* + fc - 2)} 
where in the second last step we used the above isomorphism (|13p . 

Now, we want to compute Q'^p * 5^^(^y^- Again the intersection W := n^^ i^d^(p)'^) ^ ""23^ (-'^^) is 
transverse. We have 

W = {{L.,L'., L") : Lj = Uj for j < i + A: - 3, Lj = zL'^^^ for j > i + - 3, 

L'j = L'^ for i <i-l, L'j = for j>i + 1}. 

Hence on W' the map z induces an isomorphism of hnc bundles 

(15) £:;+,_2{2A+,.} 

Also we see that the fibres of ttis restricted to W are points and niziW) = iriziW). Hence 

^^g^ = ® (^D'^'+OI-l^^ - l)(2z + fc - 4)} 

- 7ri3.(Ow'('?;Vfc)'''+^+n-2A+feA+fe+i}(^r)''-+0{-(m - l)(2z + - 4)} 

= a,3(H^)(£:;)ft+^(f,V,)'3-+'=+U-(m - l)(2z + - 2)} 

where in the second last step we have used the isomorphism (llSp and in the last step we have used 
that = TO - 1. 

Since (HH) and agree, we conclude that * — Qp* ^d^/js)'^ which implies the desired 

result. □ 

5.6. Invariance Under Pitchfork Move. 

Theorem 5.30. The following pitchfork moves hold. 

(17) t;^(«(i) ° = t's:A(«(2) ° g:,^,(,) 

(18) n,(,)(2)oG;+i,) = r+\(,)(i)oG:,^^(,) 

Proof. The computations are all "direct" , i.e. all intersections are transverse everywhere, all pushfor- 
wards are 1-1. So it is just a matter of checking that the varieties and line bundles line up. Unfortu- 
nately, we need to break into cases depending on /J^+i, /3i+2- Here we will present the proof of one 
case of ([T71) 

Assume that is a string with substring (1, 1, m — 1) starting in the ith position. Let /?' = Si+i(/3). 
We have that 

T^{2) = Ozj^S'.Sr+A-m + l]{m + 1} 0'^+' = 0^.+i£;+;"-^{-^(to - 1)} 

and 

T;+1(1) = 0^.^.£^^r''£,+,'-^-[-m + l]{2m - 2} G^,, = O^., £,"""'{-(* - 1)("^ - 1)} 



Hence the left hand side of the first equation is 

= 7ri3,(0,-^i(^.+i)f,'+i™"'{"*(m ~ 1)} 0^-.^z,^^£^'£Ui^[~m + l]{m + 1}) 

1/ C' m — 2n 



= 7ri3,(Ow ® )[-m + 1]{to + 1 - i(TO - 1)} 

where 

W = {(L., L'., Ll') : = = L,, L^- = L'^ for j ^ t} 
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On W, we see that by LemmaEll det(i^+2/-^0 = Ow{2b'p + 2m}. Hence f.'+i = f,'+2^{26^ + 2™}. 
Also f = Hence we see that 

(19) * ei+A„_i = 0.,3(H') ® m+2''"'[-^^ + + 1 - - 1) + (™ - 2)(2fo^ + 2m)} 

For the right hand side, we first note that on Zp'^, we have £i+i£i+2 dct(Li+2/ii) = 

by the diamond identity. Hence we can rewrite the kernel as T^^^{1) = 0^i+i£i+i"^^'^E[j^.^~"^[—m + 

l]{2m-2}. 

So the right hand of the first equation is 

= '^i3*(0.-(x.,)^r"'{-(* - l)(m - 1)} ® 0.-(z.|i)^.'+r"'f.'V2'"'"h"i + l]{2m - 2}) 
= 7ri3.(Oiy' ® ^r^'f.'+r"'^.^'"")!-"^ + !]{-(* - 3)(™ - 1)} 

where 

W = {{L„L:,L:) : zir^, = L^^i = L;. = q for * + 1} 

On W, we see that by Lemma[231 det(L^+i/i^_i) = C'vf'{26^, +2m}. Hence £[+^ = £,'''{26^7^ + 2m}. 
Also fj' = £[' . Hence we see that 

(20) Tl^^.^_^{i)*g\+l,^_,^0,,,^wr)®£[£U2-'^[~m 
Since &^ — &^7^ = 1 we have 

m + 1 - i(m - 1) + (m - 2)(26^ + 2m) = -(i - 3)(m - 1) + (m - 2)(26^7^ + 2m), 

and so the equivariant shifts in (fT9|) and ((20|) are the same. Since ni^{W) — iri^iW'), we see that (fT9)) 
and (f20|) agree and so the first pitchfork equation (fT7|) holds. 

□ 

The pitchfork identities involving cups are obtained from those above involving caps by taking the 
left adjoint - thus their validity is almost immediate. 

6. Tangle graphs and relation to Khovanov-Rozansky Homology 

The goal of this section is to extend our invariant to tangle graphs. In particular, we will show that 
on closed crossingless graphs, our invariant is determined by the MOY relations. This allows us to 
prove that our knot homology theory is a catgorification of the Reshetikhin-Turaev invariant. We also 
conjecture a relation to Khovanov-Rozansky homology. 

6.1. Reshetikhin-Turaev invariants of tangle graphs. A {(3,(3') tangle graph is an isotopy class 
of planar oriented tangle diagram with edges labelled from {l,2,m — 2,m — 1} which also contains 
trivalent vertices as shown in Figure [6] We will also insist that each cup, cap and crossing involve only 
the 1, m — 1 edges (the cup, cap requirement is just for simphcity). A tangle graph without crossings we 
call a crossingless tangle graph (such diagrams are also known as webs). We usually distinguish the 
edges labelled 2, m — 2 by drawing them with a thick line. As usual, arrows pointing down correspond 
to 1, 2 strands and arrows pointing up correspond to m — 2, m — 1 strands. We have basic tangle graphs, 
5^,/^,i^(Z) as before along with two extra corresponding to trivalent vertices. Specifically, pp 

(which is only defined when Pi — (3i+i € {1, m — 1}) is a {di{(3), (3) tangle with a trivalent vertex in the 
ith column and is a {(3,di{(3)) tangle with a trivalent vertex in the ?th column. 
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Figure 6. The two possible trivalent vertices. 




Figure 7. The two possible resolutions of a crossing. 

Such tangle graphs admit a Reshetikhin-Turaev [RTI invariant, where we associate to the trivalent 
vertex a fixed map from ® V^^ VLij (and corresponding dual versions). In the notation of [RTj . 
the trivalent vertex is a "coupon" . The RT invariant of the basic graphs obeys the identities 

(21) i;{f0{l)) = q"^{q-'-^{p^q},)) ^(^^2)) = ^-^Ig - ^(p^?^)) 

in the case that Pi = Pi+i G {1, m — 1}. Thus the Restikhin-Turaev invariant of a tangle graph with 
a crossing is determined by the RT invariants of the two tangle graphs made by resolving the crossing 
as shown in Figure [T] 

In particular, the RT invariant of link K equals a sum over RT invariants of (0,0) crossingless 
graphs (which we call closed graphs) made from resolutions of K. Hence it is interesting to consider 
the RT invariants of these closed graphs. In the case of a closed graph ip{r) is a C[q,q~^] linear map 
C[q, q~^] — > C[q, q^^] and so can just be regarded as a polynomial. It is known that for any closed graph 
r, ip{T) — Pr{q) is a polynomial whose coefficients are non-negative integers. In |MOY| . Murakami, 
Ohtsuki, and Yamada found the following relations which are satisfied by the RT invariants of closed 
graphs (see Figure [5]). 

(ia) V(/^ og^) = H? 

(ib) ^if}j+^ oppoqpo 9}t^) = [to - 1], = i^ifp, op^+i o g^+i) o g^,) where P and P' have strings 
(1, 1, TO — 1) and (to — 1, 1, 1) starting in the ith slot 

(iia) ip{q^p op»j) = [2],, 

(lib) V(/^ ° ° ° 9)3) = i^idp ° fp) + Vn - 2], 

(iii) V'("^^^ o o u"^^) + V'(^t^) = V'(w^ ° 'U'^p^ ° u^fj) + ''Piu'^/!^^) where P has a string (1, 1, 1) or 
(to — 1,TO — 1,171 ~ 1) starting in the ith slot 

Here = o and [n], = (q" - q-'^)/{q - q'^). 

The following result shows that these relations determine V'(r)- 

Lemma 6.1. Suppose that F ^ (/"(F) G 1j[q,q^^] is a polynomial invariant of closed graphs which 
statisfies the (de-categorified) MOY skein relations. Then 0(F) — ')Jj{T) for any closed graph F. 
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Proof. The resuh is "folklore" but the authors do not know a complete proof in the literature. A proof 
of it in the case of "braid-like" graphs may be found in section 4.2 of |Raj . The proof for general graphs 
can be deduced from this case with some effort. 

Alternatively, one has the following argument pointed out to us by a referee. Since </> satisfies the 
MOY skein relations it can be used to define a link invariant (also denoted 0) by (|2T|) . The fact that 
this gives a link invariant follows from the proof of Theorem 3.1 in [ MOY] . This link invariant will 
satisfy the slm skein relations (see Theorem 3.2 in (MOY| ). This link invariant (j) is determined by the 
skein relations and its value on the trivial knot. Thus (j) and "0 agree on links. 

Now, we claim that this implies that they also agree on graphs. To see this, for each graph F, 
construct a link K where all thick edges (those labelled 2 or m — 2) are replaced by crossings (arbitrarily 
over or under). Then by ([2T|) . (j){K) = C(/)(r) + terms which involve graphs with fewer thick edges (and 
simlarly for ip), where c ^ 0. By induction on the number of thick edges, the result follows. □ 

For categorified theories, one expects that (pij) becomes categorified to a cone and that the MOY 
relations become categorified. This is what happens with Khovanov-Rozansky's theory. 

6.2. Functors from tangle graphs. Now, we will extend our invariant ^' to tangle graphs. Given 
any (/3,/3') tangle graph F, we will assign a functor ^'(F) : Dp Dp/, by assigning such a functor to 
basic tangle graphs. For caps, cups, and crossings we use the same functor as before. For the trivalent 
vertices recall that if Pi = (3i+i G {1, m — 1} we have the diagram 

9 

where g is a bundle and i is a codimension one embedding. To the trivalent vertices and 
(where fii = (3i+i G {1,to — 1}) in Figure[6]we assign the FM transforms with respect to the kernels 

and 

respectively. Notice that agrees with the notation of Lemma 14.61 and consequently (Q^)_r = 
while {VI)r ^ Q^[-1]{1}- Also, by Theorem O the kernel T^{2) for the crossing is 
(up to a shift) the spherical twist in *&-pi • This means that if F is a tangle graph containing a crossing 
of type 2 and if Fi, F2 are the two tangle graphs made by the resolutions of this crossing, then there is 
an exact triangle 

(22) ^{Ti)[-m + l]{m - 1} ^ *(F) *(F2)[-m + l]{m} 

(here exact triangle of functors really means exact triangle of the underlying FM kernels). There is a 
similar result for crossings of type 1. 

If F is a (0, 0) crossingless graph then ^'(F) : D{pt) — » D{pt). Such a functor is determined by where 
it sends C, so it can be thought of as a bigraded vector space which we denote by H]^\gjX)- The main 
result of this section is that ^^*Jg(F) carries the same information as V'(r). 

Theorem 6.2. The bigraded vector space Hl^iglX) is concentrated on the anti- diagonal, namely it is 
zero unless i + j — 0. Moreover, the graded Poincare polynomial of H'^j'^lT) satisfies 

Y,t^u^dtm{H'J^{r)) = mU=tu-^ 

i,3 



44 



SABIN CAUTIS AND JOEL KAMNITZER 




Figure 8. The MOY relations where H^(P") := ®j>QH3{¥'\C}[-j + n]{j - n}. 

so that the graded Euler characterstic Xaig(r) '■— ji—^Yi—Qy dim{H'^jlg(T)) equals ipi^)- 

We obtain the foUowing coroUary. 
Corollary 6.3. Let L be a link. Then the graded Euler characteristic of H'^i^{L) is 'ijj{L). 

Note that here and above, we are using —q as the variable in the Euler characteristic. 

Proof. This follows from combining the theorem with and (HJ). 

The easiest way to see this is to use some of the notation of section [7l Using that notation, the 
statement of the Corollary is equivalent to [^'(i)] = ipiL) for all L. On the other hand, from the 
theorem we have that [^'(r)] = ip{r) for all closed graphs F. 

We also know that [T^(2)] = q-'^iq - [P^ [Q^]) from ([22]). Since this equality matches that in (|2T|l . 
we see that [vE'(i)] is determined by [^'(r)] for closed graphs F in the same way that is determined 
by the V'(r)- Since [^'(F)] = ip(^) for all closed graphs, the result follows. □ 

Now we state our conjecture relating our knot homology theory to that of Khovanov-Rozansky. The 
evidence for this is Theorem 16.21 and the exact triangle ((22|) . 

Conjecture 6.4. Let L be a link, then 

HXiL)=H'^'^L) 

6.3. Verification of the MOY relations. This section is devoted to proving Theorem 16.21 Our 
main tool is the (catcgorified) Murakami-Ohtsuki-Yamada [MOYj skein relations depicted in Figure [51 

Proposition 6.5. The following catcgorified version of the MOY identities hold: 

(ia) Fj, o 5^ (•) ® i?*(P™-i) 

(ib) F^+i o (P^ o Q^) o Q'+^ ^ (•) ® i/^(P"-2) ^ F^, o (Pj+^ o Q^+i) o G^, where (3 and (3' have 
strings (1, 1, to — 1) and (m — 1,1,1) .starting in the ith .slot 

(iia) Q^oP^ {■)(g,H*{V^) 

(iib) fl o U'"^ o Uj+i oGl^Q.oP (B (•) ® i/*(P™-3) 
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Figure 9. Sideways Reidemeister II move. 



(iii) U^+i o o U;+i © = o U;+i o ® U;+i where f3, = A+i = A+2. 
w/iere i/*(P") ©j->oi/J (P", C)H + n]{j - n} and Uj, := o Qj,. 



Proof, (ia) This is the statement of CoroUarv 15.51 

(ib) We must prove that J-^+i * {VJ, * Qj,) * 0}+^ = Oa <»c H*{f"'-'^) = T^, * {V^V * Qjjt^) * Gj^,. 
We prove the first isomorphism as the second one follows similarly. 

This was essentially shown in Theorem l5.6l in order to prove Reidemeister move I. There we saw that 
the cone of * * V'^^ * gj+^ Tf^ * g'+^ is Oa [m - l]{-m + 1}. Now * V}^ * * 5^+^ 
is supported in degrees —m + 3, —m + 5, . . . , to — 1 so that 

Hom(OA[m - 2]{-m + 1},^+^ * V'p * * G'^^) = 

and hence 

* g^+i 9^ OA[-m + i]{to - 1} ® * v'p * v'pj^ * g}+\ 

But by Corollary [53] J^^ * 5^ = Oa (»c i/*(P™-\ C). Thus * * * 0^+^ must be isomorphic 
to Oa (S>c -ff*(P"-^)[-l]{l}. The result follows since (V}})r = Q^[-1]{1}. 

Remark 6.6. This isomorphism can be seen geometrically using Lemma lS^ This is because P^^*^^^^ 
is i*q*{ ) via a diagram as in Lemma [5^ where the fibres of q are P™^^s. Then one just needs to show 
that the resulting complex is formal (c.f. proof of Corollary 15. 5[) . 

(iia) This relation is related to the proof of Reidemeister move II for a (1, l)-type crossing. Taking 
f ^ pi and s = 2 in Lemma 15.41 we get an exact triangle 

Oa[1]{-1]^Q'p*VI^Oa[-1]{1} 
where we used again that = (■P^)_r[1]{ — 1}. Starring on the left and right gives the exact triangle 

Finally we use the map 

coming from adjunction on the P^^j, * V^p pair to split the exact sequence. 

(lib) This is the hardest relation to prove since it is basically equivalent to the Reidemeister move 
II for a (1,TO — l)-type crossing. We will use the identity coming from Figure [SI namely 
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We now replace each crossing on the left side by its corresponding cone and simplify: 

LS'^Tp* Cone{Vjf^ * V}-\ -> Oa) * r^\l) * Gpl-m + l]{m - 1} 

^ Gone{Tl*U},-^ * T'p+\l) * ^ T}, * T;+\1) * Q}i)[~ni + l]{m - 1} 

^ Cone{Tl*U}f^ * Cone(C)A ^ T',^' * - 2]{-to + 1} * ^ OA)[-m + l]{m - 

^ Cone(Cone(.F^ * W^-^ * Gl[-l\{l} ^ * W^^^ * U}+^ * 9l)[-l\ ^ O^i-m + l]{m - 1}) 

= Cone(Cone(0A ®c ff*(P''"-')[-l]{l} ^ ^^U^-^ * * ^ Oa[-™ + l]{m - 1}) 

where we used Reidemeister I to obtain the third line and MOY relation (ib) to obtain the last line. 
Thus we have the following exact triangle 

OA[-m + l]{m -l}^g}*T}j^ Cone(e>A ®c H* ^ X). 

where X :— * what we need to calculate. We can rewrite this as the exact triangle 

Conc(OA[-m + l]{m ^ 1} ^ G}, * ^ Oa ®c -ff*(r"-')[-l]{l}A'. 

Now consider the long exact sequence in cohomology. The first claim is that a induces a non-zero map 
Ca{™ ~ 1} ~* OA{m — 1} in degree m — 1. If this map were zero than X would have a copy of Oa 
in degree m — 1. Then if one considers J-p * X * one would find that it is non-zero in homological 
degree 2m — 3. But this is not the case because we can calculate 

Ti*x*gi^ H*{F^) ®c H*{F"'-^) (g)c i?*(r"-i) 

using MOY relations (ia), (ib) and (iia). Thus a must induce an isomorphism in degree m — 1. 
Subsequently, X is isomorphic to a cone 

Cone(e^ * ^ Oa <8>c H*{F"'-^)). 

But 

Hom(e^ *.F;;hl],OAb-]{-j}) = Hom(^^Jm- l]{-m+ 1} *.F^hl],OAb-]{-j}) 

- Hom(.f^, ^^[-m + 2 + j]{m - 1 - j}) 

which is zero for j = — m-|-3,...,m — 3 since J-^ is a sheaf. Thus a' = and the result follows. 

(iii) Let UJ^ = Vj^ * Qp. This follows from Proposition 15.211 used in proving Reidemeister move III. 
The usual computation shows that, in the notation of section [5^ ^U^{1}. Consequently, we need 
to show, 

By [EH we have W *W{;i} = U"+^' {i} ®U' {1} . Similarly, ^W^W+^ii} 9i U'+^^'+^{3}® 

The resuh now follows since ^ □ 

Now we are ready to prove the main theorem. 

Proof of theorem \6.Sl Consider the polynomial i?(r) :— ^ y'z'+^dimi?*Jg(r). If we specialize z = 
^ G C, i?(r)|2=j satisfies the MOY relations (Proposition 16. 5p and hence by Lemma [6.11 we have that 
R(r)\z=(^ = 4'(^)\q=y Hence we see that R{T) = V'(r)|g=j, and does not depend on z. If we let y = tu~^ 
and z — u the desired result follows. □ 
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7. Grothendieck groups 

The goal of this section is to examine what happens when we " de-categorify" , i.e. consider our 
construction on the level of Grothendieck groups. We denote V/3 — V^^_^ Cg) • • ■ (g) V^^^ . Ideally, we would 
like to prove the following conjecture. 

Conjecture 7.1. For each (3, there exists an isomorphism K{Yf)) Vp such that for each tangle T, 
the following diagram commutes 



13 



(23) [*(T)]| 

K{Yp,) . Vp 



Here K{Yp) denotes the complexified Grothendieck group of the category DiYp) and [^'('r)] denotes 
the map that T induces on this Grothendieck group. 

In this section we give evidence for this conjecture. First we check that KiYp) has the right dimension 
in Proposition l7.2l Next in Propositions l7.3l and l7.6l we calculate the action of basic tangles on a chosen 
basis of K{Yfj). From this we construct an isomorphism K{Yp) — > Vg and prove the commutativity 
of the diagram when q = \ (see Theorem 17.71 and Remark l7.8p . Notice that the commutativity of the 
diagram when T is a link (for arbitary q) follows from CoroUarv 16.31 



7.1. Equivariant K-theory of Yg. We will now define a set of vector bundles which form a basis for 
K{Yp). Fix (3. For each i and each < A; < m — 1, define a K-theory class Wi^k according to 



' 9(^-1)'= [(L,/L,_i)'=] if A = l 
g(^-i)'=[A'=(L,/L,_i)] if A = m~l 



The reader who is curious about this choice should note that we are just applying all possible Schur 
functors corresponding to partitions which fit in a /9i x (m — box (the factor of q has no explanation 
other than to make later formulas work out better). 

Proposition 7.2. The collection 

i 

where 5 ranges over all functions from {1, . . . , 71} to {0, . . . , m — 1}, gives a basis for KiYp). 

Proof. We proceed by induction on n. When n = 1, the result follows immediately. 

When n > 1, the map Yg ^(/3i,..../3„_i) is a P™^i bundle which is formed as the projectivization of 
an equivariant vector bundle on Yg. Hence the Projective Bundle Theorem of CGJ (Theorem 5.2.31) 
apphes and shows that K{Yfj) is a free module over K{Y(^p^ jj^_^-^) with basis {(i„/in-i)''}o<fe<m-i 
if /?„ = 1 and basis {(z~^L„_i/L„)'^}o<A:<m-i if /?« = m — 1. So if /3„ = 1, we are done. If /3„ = to — 1, 
then using the short exact sequence 

L„/L„_i — > Z ^Ln-l/Ln-l — > Z ^Ln~l/Ln — > 

shows that powers of z^^L„_i/L„ may be expressed as linear combinations of the classes of wedge 
powers of L„/L„_i. □ 

7.2. Maps induced in K-theory. Now, we will compute the maps on K-theory induced by the 
functors associated to basic tangles. We use the convention that [{1}] — — g^^. 
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Proposition 7.3. We have 
j 

j<i j>i 

otherwise 



Proof. First, consider [G^. By definition G^{T) = i^q* (g) £^'+' {-{i - l){m - 1)}. Note that if j < 
then Lj/Lj^i = L'j/L'j_^ on X^, while if j > i, then Lj / Lj^i{2} = L'j^^/ ^j+i on ^p- Hence we see 
that 

(24) [Gy (H W.^su)) = n n [Ox^ ® - - I)}]- 

j j<i j>i 

Hence it will be neccesary to examine [Oxj] in terms of our basis. XJ^ is defined by the vanishing of a 
section of V = Hom(Li+i/Li, Li/ii_i{2}) and hence by the Kozsul resolution of Ox* we have that 

[O^. ] = [Oy,] - [V] + [A^V^] ± [A™-iV^] 

Assume for the moment that Pi = 1 which implies Pi+i — m — 1. Then equation (|24p gives that 

and so the result follows. 

If /3i = m — 1, the result follows from a similar analysis using the fact that [Li/ Li^iY (g) 5^ = 
A™^i--'(L,/i,_i) since £^ = det(L,/i,_i). 

For the calculation of [F^], we recall that F^(J?^) = q^{i* T ® S^J^{){i{m - 1)}. Assume that (3, = 1. 
Then, since g is a P'""^ fibre bundle, Ei = U/U^i 9^ Og{-l) while {L,+i/Uy ^ Then by 

Grothendieck-Verdier duality we have: 

q^{{Lj L,_i)'' (g) A\L^+i/ Li) (g) £^^^) ^ {q^{n[{l) ^ Og{k) (g) £,+i (g) ujg[m - l])^ 

{q,{n^g{k + I - m. + 1))^ [-m + 1] 

where we use that Uq ^ det{Li/Li-i g) (Li+i/Li)^) = In the range < fc,^ < m — 1, 

Lemma 15.131 implies that this pushforward is zero unless fc + ^ — TO + l = Oin which case we get 
{q*{^q)y + 1] = 0[/ - m + 1] = 0[-k]. 

Subsequently, [!FJj]{Wi^kWi+i^i) = milcss fc + Z = m — 1 in which case we get: 

[q.{i^W,,kW,+i,i)^£^_^,){i{m-l)}]^q^'-'^'^+^'[0]i-l)H-^^^^ 
and the result follows. 

If /3i = m — 1, a similar analysis holds but without the need to apply Grothendieck-Verdier duality. 

□ 

Now assume Pi = Pi+i- In order to compute [753(2)] we first compute [Qn]. 
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Lemma 7.4. 



Sym''-«-i(L,+i/L,_i)det(L,+i/L,_i)°{l} tf a < b 
Oifa = b 

Sym»-''-i(Li+i/Li_i)det(Li+i/Li_i)''{l}[-l] ifa>b 



Proof. Assume that Pi = jSi+i = 1. 

We recaU that is given by (8 £y^i){l}, where i denotes the inclusion of and q the 

projection to idi(/3) which is a P-^ fibre bundle. So then 



cb—a 



q,{{£,£,+ir-^ £i£t^){l} if a > 6. 



Now, for k > —1 we have that q*£i^i = Sym*^ which proves the Lemma when a < b. By 

Grothendieck-Verdier duality we also have q^,{£i£^■^~^) = (Sym*^ Lj+i/Li_i)^[— 1] using the fact that 
£i£^+i. Hence, if a > 6, q4£i£^~^) ^ Sym"-''-\Lj+i/L,_i)^ [-1] and the result follows since 



□ 



Sym"-''-^(Li+i/Li_i)^ ®det(ii+i/ii_i)«-''-i ^ Sym^-^-^CLi+i/Xi.!). 

Next we compute [P^]. 
Lemma 7.5. If a <b then 

[P^]([Sym^-«-i(Li+i/Li_i)(detii+i/Li_i)»{l}]) 

= + (9 - <i-')[£r'][£i+i] +•••+(«- - 

while if a > b then 

[P^]([Sym''-''-i(Li+i/i,_i)(dctL,+i/L,_i)''{l}[-l]]) 

Proof Note that Oy^(-X^) = £yfi+i{-2} which gives us [O^*] = [C] - q'^[£y£i+i]. Using that 
P^(-) = ® fj), wc get 

[P^]([Sym''-'^-i(Li+i/Li_i)(detL,+i/L,_i)'^{l}]) = [Sym''-"-iL,+i/L,_i(detL,+i/L,_i)''{l}0Ox^ 

= ([^m"'] + [^^^m + • • • + [£t''-']W^£^+lrM£^+l] - q-'[£i]) 

and the desired first equality follows. The second equality follows similarly. 

Now we are in a position to compute [T^(2)] on our chosen basis. 
Proposition 7.6. Let a = 6{i), b = 6{i + 1). 



□ 



b-a-l 

n Wj,sij){{q-' - q) Yl q''-''-'Wi,,.jWi+i,a+j ^ 

+ q''-''q-'W^,bWi+i,a) 
1 Uj WjMj) ifa = b 

a-fc-l 
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Proof. By Theorem |431 we have that rj(2) = Conc(P^ * Q^[-1]{1} ^ Oa)[-to + l]{m - 1} from 
which it foUows that [T^(2)] = q^"^{q — [Pp][Qp])- The result follows by patiently simplifying using 
Lemmas 17.41 and 17.51 □ 



7.3. Comparison with representations. Now, we are ready to prove Conjecture 17.11 in the case 
that q — 1- Let K{Ypy^ and Vg' denote the specializations of the representation to q = 1. On the 
geometric side corresponds to working non-equivariant K-theory, whereas on the representation theory 
side it corresponds to working with representations of s[„i instead of Uq{slm)- 

Let Wo, ... , Vm-i denote the standard basis for C™ = and also the standard basis for A™^^(C'") = 
T/J' Define a map a : K{Yf3y^ VS^ by 



S{t) ^ VS(1) «) VS(2) ® • • • Vs(n) e yj^j^ (g>---(g) V^^^ 



Theorem 7.7. a is an isomorphism of vector spaces and for all {(3,f3') tangles T, the diagram 
(25) [*(T)]| |v(T) 



KiYp.y'- > VS} 



commutes. 



Proof. It is enough to check this for the basic tangles <^(2), with jdi = (ii+i = 1 and any g^, (these 
suffices because both sides obey the pitchfork moves). For these basic tangles, the result follows from 
Propositions 17.31 and 17.61 □ 

Remark 7.8. This seemingly natural isomophism a does not work in the g 7^ 1 case. It is ok for 
the basic tangles 5^,/^, but not for p^, and consequently i^(2). Proving Conjecture 17.11 requires 
redefining a. This amounts to finding a basis for Vp on which the Reshetikhin-Turaev maps for 
/^,i^(2) act as in Propositions 17. 31 and 17. 61 (under the identification of {J^^ Wi^s{i)} with this basis). 
Let us give one further piece of evidence that such a basis should exist. Consider for simplicity the 
case that (3 — (1, . . . , 1). Then the [T'^(2)] generate an action of the braid group i?„ on K{Yp). By 
Proposition 17.61 these generators have eigenvalues only —1 and q. Hence the action of €.[q,q^^][Bn] 
factors through an action of the Hecke algebra _ff„. For generic q including q — \, the Hecke algebra 
is semisimple and hence for generic q this Hecke algebra representation is determined by its g = 1 
specialization. This gives us an isomorphism KiYfs) — > V/3, defined for generic q which intertwines the 
action of [rg(2)] and -0(^^(2)). Unfortunately, this only holds for generic q and it is not clear how to 
generalize this observation for general (3. 
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